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Abstract

This thesis explores the non-linear elasticity of smecticA and smecticC liquid crystal elastomers.
These materials consist of \rod-like" liquid crystal mesogens arraged in a layered phase, cross-
linked into a polymer matrix. The alignment direction of the mesogens istermed the director, and
in the smectic-A phase the director and layer normal are parallel, whereas in the snotic-C phase
the director is tilted at an angle to the layer normal. For smectic-C elastomers deformations that
rotate the director in a conical path around the layer normal are ideally perfectly soft. Realistically
non-idealities destroy perfect softness, and the resulting elastity is termed semi-softness.

The semi-soft elasticity of monodomain smecticc elastomer is investigated; starting from a model
consisting of smectic layering and nematic elasticity terms, and a pealty for changing the tilt
angle. A semi-soft elasticity term is then added to this energy. The kstic response to uniaxial
deformation in various stretching geometries is calculated using anreergy minimization routine.
The stress-strain curves are diverse and depend strongly on therientation of the layer normal,
director and stretch axis. Remarkably, for an elongation parallel b the layer normal the stress-
strain curve is non-monotonic, and the sample expands laterally in oe direction over a range of
strains.

The stretching of monodomain smecticA elastomer sheet is studied under realistic clamping condi-
tions; examining the e ects of stretching angle and sample aspectatio on microstructure formation.
Results generated by nite element analysis show that stretching @rallel to the director the sample
bulk forms bidirectionally buckled microstructure, with unidirectiona | buckling near the clamped
edges. The aspect ratio signi cantly a ects the microstructure distribution, but weakly in uences
the stress-strain behaviour. It is shown that existing smectic moels require an additional energy
term, related to the energy of deforming buckled layers or non-Gassian e ects, to reproduce the
experimentally observed Poisson's ratios.
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Chapter 1

Introduction

This chapter contains some background material on liquid crystalstheir phases, and liquid crystal
elastomers. There is then a literature survey of the synthesis ofreectic elastomers, their alignment
into monodomains, their mechanical properties, and some applicatios. The theoretical background
of smectic elastomer models is then discussed with reference to eeqomental work.

1.1 Liquid Crystals

Liquid crystals (LCs) are liquids comprised of highly anisotropic molecues, e.g. rod-like or disc-like
molecules [1]. At high temperatures the positional order of the molegles is liquid like, and the
orientations are isotropic. As the temperature is lowered the attactive force between rods causes
their orientations to align, forming the nematic phase [2]. If the temperature is lowered further then
the molecules assemble into lamellae known as the smectic phase. Thedi erent LC mesophases
are illustrated in gure 1.1.

///////
////////

Isotropic Nematic SmecticA SmecticC

Figure 1.1: Schematic drawing of some LC phases. The high tempenatte isotropic phase is shown
on the left, followed by increasingly ordered lower temperature phaes. The alignment direction of
the molecules is denoted by the directom and layer normal by k.

LCs exhibit a broad variety of di erently ordered phases, but this t hesis will focus on the following
phases:

Isotropic Phase. The LC mesogens have liquid like positional order,rad are randomly ori-
ented. This is the most disordered state and occurs at high tempetures.

Nematic Phase. The LC mesogens are uniaxially aligned, but still have ligid like order of
their centers of mass. The average alignment direction of the rodike molecules is called the
director, denoted by the unit vector n.

SmecticA Phase. The LC mesogens are arranged in a layered structure, witthe director
and layer normal parallel [3]. The unit vector k denotes the layer normal.
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SmecticC Phase. The LC mesogens are arranged in a layered structure, wittihe director at
an angle o to the layer normal, called the tilt angle.

Smectic-C* Phase. This is the chiral version of the smectic€ phase, formed by using chiral
mesogens which have an electric dipole moment [4]. The chirality creasea tendency for the
director to twist slightly between neighbouring layers, which creates a helical director pattern.

Consequently the dipole moments cancel out over one rotation p&vd. If the helical structure

is untwisted the molecular dipole moments align, and a macroscopic el&@cal polarization

vector exists in the directionn k.

The degree of ordering in a phase can be quanti ed by an order paraeter. For example the
nematic orientational order can be described by the order paramer Q = %cos2 % . The
average is taken over all mesogens within a region of space, ands the polar angle each mesogen
makes with n. The parameter Q = 0 in the isotropic phase, and Q = 1 for a perfectly aligned
distribution. Similar order parameters can be de ned to encode theorientation of the layer normal,
and the perfection of the smectic layers, but they will not be used lere. We will assume that when
LCs are deep in an ordered phase the magnitude of the order paragter is xed.

Deformations of Nematic Liquid Crystal

The deformation behaviour of LCs can be investigated by deforminghem between two initially
parallel glass plates. At the interface of the LC and the glass the stiace forces are strong, and the
mesogens are e ectively anchored at a xed orientation to the suface. Experimental techniques can
align the mesogens to be xed parallel or perpendicular to the surfae. Typically this is achieved by
rubbing the glass surface with a cloth. Unidirectional rubbing creaes nanoscale grooves running in
one direction, and the rod-like mesogens tend to lie in these groovese. the mesogens are aligned
parallel to the surface and point in the rubbing direction [5]. Whereasinducing surface roughness
in two directions causes the mesogens to align end on to the surface

The three principal deformation modes of nematic LC are splay, twis and bend.

\ \ ' , | | Ll 2 S N
oo og @ LAy
\ " ®oe®o0e ® ’-‘\
. ' ® o 0 o9 o0 -
. - oo -
a5 =
Splay Twist Bend

Figure 1.2: Splay, twist and bend deformations in a nematic liquid crysal.

The splay and bend deformations illustrated in gure 1.2 are perforned by altering the separation
of the plates, so that the plates are no longer parallel. Whereas théwist deformation is achieved
by rotating the plates relative to each other, whilst maintaining a constant spacing. The Frank free
energy [6] describes the elastic free energy per unit volume of a natic LC, and has contributions
from each of the deformation modes,

Fro= 2Ka(r M2+ 2Ko(n r n)P+ 2Ks(n 1 n)2: (1.1)
Pz} Pz} B {2
Splay Twist Bend

The elastic constantsK 1, K, and K 3 penalize splaying, twisting and bending of the director eld
respectively. Typically the three elastic constants have a similar magitude K 10 ' N [7].
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Deformations of Smectic- A Liquid Crystal

In smectic LC the energetic cost of changing the layer spacing is vgthigh, so the layer spacing varies
only slightly from its equilibrium value. Bending of the layers is compatible with maintaining the
layer spacing, so layer bending is a low energy deformation mode. Wheas any signi cant splaying

or twisting of the layers would not maintain the layer spacing, and so @n not occur unless layer
defects provide the deformation as illustrated in gure 1.3.

1
:m.s'\\“‘“

Figure 1.3: Layer splay can occur due to the presence of edge disiimns [8].

Typically the e ect of defects is small, so layer splaying and twisting can be entirely neglected. For
a set of defect-free, incompressible layers the integralk(r) dl is zero for any path choice, which
implies by Stoke's theorem thatr  k = 0 holds everywhere [9]. In the case of the smectié phase
k = n, which implies that r  n = 0 holds everywhere. Consequently the smecti@ energy does
not include contributions from the K, or K3 Frank elasticity terms, as these are zero.

The two principal deformation modes of smecticA LC are layer stretching and layer bending.

Layer Stretching ﬁ Layer Bending

nn - YWy
T YL,
Coin N\

v

Figure 1.4: The deformation modes of smecti@A LC are layer stretching and layer bending.

The stretching of layers is penalized by the smectic layer modulu8, which typically has a magni-
tude of 10° Pa [10]. The bending of layers results in the splaying of the director dd, as illustrated

in gure 1.4, so layer bending is penalized by the splay elastic coe cientK ;. The continuum model

of smecticA LC describes the elastic free energy in terms of the layer stretchipand bending ener-
gies [9]. The displacement of the layers along the direction of the initialayer normal is described
by a scalar eld U(x;y;z). For a sample with the layer normal initially oriented in the z direction

the smecticA energy to leading order is

2

1. @ 1 @? 1 @? 1, @u. @éu’®
Fsm a = EB @Z E @X E @y + ?Kl @ + @—? : (1.2)
| z } 12 }

Layer Stretching Layer Bending
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This model provides a description of the smecticA buckling instability that occurs when stretching
parallel to the director, which was rst reported by Clark and Meye r [11].

Smectic- A Buckling Instability

When a uniform sample of smecticA LC is strained in dilation parallel to the layer normal the
deformation is initially accommodated by an increase in the layer spacig. This deformation is
penalized by the smectic layer modulusB and is consequently energetically very expensive. A
far softer deformation mechanism is for the layers to periodically bekle and then to deform by
rotating the layers, as illustrated in gure 1.5.

Layer Stretching ﬁ

HEAAAA
L.

Figure 1.5: A buckling instability occurs when dilating smectic-A liquid crystal parallel to the layer
normal [12]. The glass plates prohibit undulations from occurring at the boundaries.

The buckling of layers is penalized by the layer bending modulus, and is there{pre_much softer
than layer stretching. The buckling instability occurs at threshold strain ¢ =2 = K=B=L, [11],
which is typically a very low strain as K is very small. The buckling instability can be relaxed
away via the movement of edge dislocations to relieve the strain, i.e. dditional layers are locally
added to relax highly buckled or dilated regions [11].

1.2 What is Smectic Liquid Crystal Elastomer?

A liquid crystalline polymer (LCP) is formed by connecting the LC mesogens onto a polymer chain.
The LC mesogens can be linked onto the side of a polymer chain, or bérdctly incorporated into
the polymer backbone; respectively these are called i) side-chain LEZand ii) main-chain LCP.

The LC mesogens in uence the conformation of the polymer backboe. In the isotropic phase
the chain shape is spherical, whereas in the more ordered LC phas#® chain shape is a prolate
or oblate spheroid. Crosslinking these LCPs produces a rubbery $id called a Liquid Crystal
Elastomer (LCE), here we will focus on smectic LCEs. The result of mss-linking LC mesogens in
the smectic-C phase into a rubbery polymer network, is illustrated in gure 1.6.

LCEs are unusual materials because applying a macroscopic strairan alter the microscopic ori-
entation of the LC molecules. Just like LCs, LCEs undergo temperatire dependent transitions
between phases. However in LCEs a phase transition can alter the aeroscopic shape of the sam-
ple, as the polymer chain conformation depends on the phase. In st systems it is possible to
transition directly from the isotropic phase to the smectic-C phase [13].

Liquid Crystal Elastomer Chemistry

There are several di erent methods of synthesizing LCEs. For eample smectic main-chain LCE
(MLCE) is commonly synthesized by using a one-pot, platinum-catalyed, hydrosilylation polyad-
dition reaction, as outlined by Donnio et al. (2000) [14]. A uniformly thick Im is achieved by the
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k Layer Normal

// i oo
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Figure 1.6: Schematic Drawing of side-chain smecti€ LCE. The mesogens are shown attached
end-on to the polymer network, but side-on attachment is also posible.

spin-casting technique. The constituents of a typical photoactive smecticC MLCE, MCEB7Az02-
2.5, are shown in gure 1.7.

i) iii) iv)

o 0.

i \/\/\/
O}S’I—O.S / H | | IS /©/O\/\/\O/\ /©/ ¥z
7 I —Si-0—Si- Ns
o, Si X0 NN

S0 moso T 7 o z o
H A Chain extender GB7 AZO
Mesogen Co-monomer
PMPOPS X

Crosslinker
2.5 mol-%

Figure 1.7: Constituents of a typical photoactive smecticC MLCE. i) PMPOPS is a pentafunc-
tional cross-linker, ii) TMDSO, tetramethydisiloxane is a siloxane rubber, iii) GB7 is a LC mesogen
of length 34A, and iv) AZO is a photoactive azobenzene derivative monomer [15].

The choice of chain chemistry strongly in uences the resultant mesphases, for example aliphatic
acid chains and epoxy resin rigid monomers tend to result in smectic pdises. This is because the
aliphatic chains sit between the smectic layers and the rigid monomerstay within the layers.

The \physicists view" of LCEs ignores the chemical details of the sysem, instead focusing on more
generic properties. This coarse grained approach will be adoptedchtoughout the rest of this work.

Smectic LCE Domain Structure

When a high temperature phase is cooled to an ordered phase the mynetry of the system is

broken. For example when a ferromagnet is cooled below its Curie teperature it spontaneously
develops a magnetization. The direction in which the magnetization pints is random, and may

be dierent in spatially separated parts of the ferromagnet. As a result a polydomain structure

forms. A similar process occurs in LCEs, for example when the isotyic phase is cooled into the
smectic-C phase two new directionsh andk, are introduced to the sample. As there is no preferred
direction, a randomly oriented domain structure is formed, as illustrated in gure 1.8.

Obraztsov et al. [16] found the domain size of a side-chain, Sm- elastomer was 07 m without
cross-links and 34 m when cross-linked. The main-chain Smc elastomers studied by de Jeuet
al. [17] had domain sizes of approximately 100 nm. It is typical that sideehain systems have much
larger domains than main-chain systems, as in main-chain systems éhfolding of the polymer chain
will reduce the coherence of the smectic layers.
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Figure 1.8: A 2-D slice through arandomly oriented polydomain of smecticC LCE. Layers
are represented by lines and the arrows represent local directer

To produce a monodomain sample a preferred direction can be cread by applying a uniaxial
load during the sample manufacture (whilst chemical cross-linking is 8ll ongoing). In the nematic
phase uniaxial stretching causes the directors within di erent domains to orient along the stretch
axis. This technique was developed by Kupfer and Finkelmann [18], ad results in well ordered,
transparent monodomain LCEs.

A similar technique can be used in smectidA LCEs for example Nishikawa et al. (1999) [19].
However in smecticC LCE this process only aligns the director, and leaves a domain structre of
layer normals, k, each at an angle o to n. A sample that has a uniform director and a conical
distribution of layer normals is termed a pseudo-monodomain [20], ands illustrated in gure 1.9.

%//\ = -
N

na L,

Figure 1.9: (left) A 2-D slice through a pseudo-monodomain of smectic:C LCE. The director
is globally aligned, and the layer normals are conically distributed. (righ) A representation of a
smectic-C pseudo-monodomain.

A smectic-C LCE monodomain has a globally aligned directorand aligned layer normal, as shown
in gure 1.10. Various experimental techniques are employed to crate a monodomain, which will
be discussed in section 1.4.

No

z

b

Figure 1.10: (left) A 2-D slice through a smecticC LCE monodomain . (right) A representation
of a smecticC monodomain.
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1.3 Mechanical Experiments on Smectic- A LCE

Nishikawa & Finkelmann (side-chain)

The rst single domain smectic-A elastomer was reported by Nishikawaet al. [21], and based on
side chain liquid crystalline polymers. A single domain was obtained by sujecting the elastomer
to a uniaxial mechanical stress during cross-linking, which servesot align the layers. The single
crystal elastomer formed by this process is highly optically transpaent, see gure 1.11(a). Whereas
polydomain elastomers appear opaque, due to the scattering of ligkat domain interfaces [22].

When stretching parallel to n, the sample undergoes a layer buckling instability analogous to the
buckling transition found in smectic-A liquid crystals. The stress-strain curve for this stretch is

shown in gure 1.11. The deformation is initially sti with an elastic modulu s of 3 MPa, which

is characteristic of the smectic layer modulusB. At a threshold strain  of approximately 3%

the layers buckle, and the sample become opaque due to the newlyrfoed microstructure. Above

the threshold the elastic modulus is only 0:1 MPa, which is characteristic of the rubber elastic
modulus . This deformation is reversible and the microstructure clears within seconds of the
strain being removed [21].

] | —

F E=3:2 10°Pa - an T
120r dj:’jjj _
... E=1:3 10°Pa

90

N (kPa)
"'B.D

60F © 8

302 .

b v 0 ] @ =000 () =0:40

0.00 0.05 0.10 0.15 0.20
( L=Lo)

Figure 1.11: Stress-strain curve stretching parallel ton, of a smecticA monodomain. The sample
is shown (a) undeformed, and (b) at a strain of = 0:4 parallel to n, [19].

The reorientation of the smectic layers is revealed by the x-ray sdéering patterns of gure 1.12.
The small angle x-ray scattering (SAXS) corresponds to the orietation of layer normals that lie in
the scattering plane. The buckling instability causes the SAXS patten to split into four maxima,
which are oriented at an angle to the stretch axis. The layer normals rotate away from the stretch
axis with increasing strain, resulting in a conical distribution of layer normals.

£=005 £=0.12 £=0.20 £=0.39

Figure 1.12: X-ray scattering patterns at various strains applied arallel to n, [19].
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The wide angle x-ray scattering (WAXS) patterns of gure 1.12 correspond to the orientation
of directors that lie in the scattering plane. A uniform director eld r esults in two broad WAXS
maxima, and a line connecting these maxima is normal to the director dentation. The two WAXS

peaks become increasingly broad with strain but cannot be resolvethto four separate maxima,
due to their high intrinsic width.

Nishikawa and Finkelmann assert that at high strains the layers bre&down and the smectic phase
melts into the nematic. However later authors argue that the elasic energy is too small to melt
the system [23]. More detailed x-ray studies of similar side chain systes reveal that the layers
behave as if they are embedded in the rubber matrix [24].

When stretching perpendicular to ng the layer planes maintain their original orientation. The

stretch does not alter the layer spacing, instead the deformationis accommodated within the
plane of the layers. Consequently the width of the sample is unchareg by the stretch and all the
contraction occurs in thickness direction, as shown in gure 1.13(h. The Poisson's ratios stretching
perpendicular to n, are (0; 1), which contrasts with (%; %) for the parallel case. The stress-strain
curve of gure 1.13 shows that the elastic modulus stretching perendicular to n, is  0:1 MPa,
which is characteristic of the rubber modulus

T Ed T T T T T
804 o Ko .
[
[
1 3
I3
604 Iy =~
—_
© R
o 8
=3 g
240]‘ g 20 ]
g go®
200§ E=1:4 10°Pa | |
| I
{0
0+ _1 .a" L Y BQ
: — : : (@) =0:00

Figure 1.13: Stress-strain curve stretching perpendicular and pallel to n,. The sample is shown
(a) undeformed, and (b) at a strain of = 0:8 perpendicular to n, [21].

Komp & Finkelmann (side-chain)

Later experiments on side chain systems with di erent chemistry have found a similar stress-strain
threshold behaviour when stretching parallel to the director [25]. The stress-strain curve of gure

1.14 shows that at a strain of 5% the sti ness reduces from 14MPato 0:4 MPa, which is

similar to the behaviour found by Nishikawa et al.. The Poisson's ratios stretching parallel to the

layer normal are (%; %), and in the perpendicular case they are approximately (01). The sample
has an elastic modulus of 3:8 MPa when stretching perpendicular to the layer normal, which is
surprisingly sti as this is an order of magnitude larger than the rubber elasticity modulus in the

isotropic phase.

Unexpectedly the sample remains transparent when stretching pallel to the layer normal, as

shown in gure 1.14(b). Also the x-ray scattering shown, in gure 1.15, does not indicate a
reorientation of the smectic layers, as the SAXS peaks remain patiel to the stretch axis. The

interpretation of Komp and Finkelmann is that no buckling instability or microstructure formation

occurs. They attribute the behaviour to defects in the smectic layer structure, as their sample
has a low smectic layer correlation length = 300 A, compared to 1:4 m found by Nishikawa
et al.. They argue that in order to achieve the deformation the number d layers in the sample
to increases, which is possible due to the rearrangement of defacin the sample. The poorly
correlated layers may prohibit the typical in-plane uidity of the laye rs, resulting in an increased
sti ness when stretching perpendicular to the layer normal.
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An alternative explanation is that the sample is buckling only in its thickn ess direction. The sample
might still appear transparent because it is only 100 m thick. The x-ray scattering data could be
consistent with this scenario, as unidirectional buckling would rotate the layers out of the scattering
plane rather than around the scattering plane. Consequently theabsolute scattering intensity would
drop sharply at the threshold, and the SAXS peaks would remain paallel to the stretch axis.
Unfortunately absolute scattering intensity measurements are mavailable. However the observed
Poisson's ratio of (%; %) are not consistent with a deformation mode of unidirectional bucking,
which would only cause contraction in the thickness direction. Otherpossible explanations such
as the in uence of the sample aspect ratio and a small misalignment ofthe layer normal with the
stretch axis are considered in the nite element modelling work of chater 5.

1.5 qrrrererre e e e e e prrrrere e
' ? o i < hetlion
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e ISOtrOpIC Ph%se ] o ’
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1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 =1:00 =1:39

Figure 1.14: Stress-strain curves stretching monodomain Sm- LCE parallel and perpendicular to
ny, and stretching the high temperature elastomer in the isotropic ptase. The SmA monodomain
sample is shown (a) undeformed and (b) stretched by = 1:39 parallel to n, [25].

Figure 1.15: X-ray scattering patterns for (a) =1:00 and (b) =1:39 parallel to n, [25].

A side-chain smecticA elastomer with a high concentration of defects was investigated byKramer
and Finkelmann [26]. Chemically the sample included two di erent mesogas of slightly di erent
sizes, resulting in a layer correlation length = 400A. When stretching parallel to the layer
normal there was a smeared out stress-strain threshold at 3%, and the sample remained optically
transparent above the threshold, which is qualitatively similar to the behaviour found by Komp
and Finkelmann. The behaviour of smectic elastomer is also known to epend on the degree of
crosslinking in the elastomer [27], as heavy cross-linking induces dister in the layers.
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Kramer & Finkelmann - Shear experiment (side-chain)

Kramer and Finkelmann investigated the shearing of monodomain smaic-A elastomer [28]. The
sample was identical in chemical composition to that of Nishikawaet al. (1999). Imposing a shear
strain perpendicular to the initial layer normal resulted in a non-zero tilt angle in the smectic-A

phase. A shear strain of 21 is shown applied in gure 1.16. The corresponding x-ray scattering
data demonstrates that the layers do not reorient, as the SAXS paks are xed in orientation.

Whereas the director has rotated by 6, as the WAXS peaks have rotated by this amount, thus
there there is an induced tilt of 6 .

Figure 1.16: (left) A smectic-A monodomain sheared perpendicular to the layer normal to angle
of 21, and (right) the corresponding SAXS and WAXS shows an induced tiltof 6 [28].

Beyer, Terentjev & Zentel (main-chain)

A smectic elastomer with a main chain polymer architecture (where the mesogens are incorporated
directly into the backbone) was investigated by Beyer, Terentjev& Zentel [29] . This system and
other main-chain systems have contrasting behaviour to side chaisystems [30, 31]. The stress-
strain curves for main-chain monodomain smecticA elastomer, shown in gure 1.17, only exhibit
a threshold behaviour when stretching at low temperatures. At higher temperatures the initial
elastic modulus is less than 1 MPa, which is smaller than the expected seatic modulus. This
suggests that network crosslinks may be free to move between ¢hsmectic layers in these systems,
whereas in the samples of Nishikawat al. the cross-links are thought to be constrained by the
layers. Consequently the di erence between the elastic moduli in tle parallel and perpendicular
directions is relatively low.
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Figure 1.17: Stress-strain curves stretching a smectié« monodomain parallel to n, of at 39 C,
51 C and 72 C and stretching perpendicular to n, at 51 C [29].
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SAXS WAXS

Figure 1.18: (a) SAXS and (b) WAXS patterns stretching a smecticA monodomain parallel to n,
at strains of =0and =0:6, at room temperature, and (c) the sample at  0:6 [29].

The x-ray scattering patterns, shown in gure 1.18(a) and (b), demonstrate an increase in ordering
when stretching parallel to the layer normal [29]. The sample, showrin gure 1.18(c), remains
transparent when stretched parallel to the layer normal. It is thought that hairpin defects { sharp
reversals in the chain orientation { play a crucial role in the softeningbehaviour rather than layer
buckling [29, 30, 32], hence no rotation of the layers or microstruaire formation is observed. The
smectic layers do not seem to be strongly coupled to the rubber maitx, and hence do not behave
as embedded planes. Experiments on main chain smectic-elastomers layers also show that layers
are weakly coupled to the rubber matrix [33, 34].

1.4 Mechanical Experiments on Smectic- C LCE

Experimentally Aligning a Smectic- C LCE Monodomain

On crosslinking smecticC LCE forms with a randomly-oriented, polydomain structure if there is

no preferred direction. The creation of uniformly-ordered monoemain samples was a signi cant
experimental development, and there are two principal experimetal methods for their creation.

These experiments are based on applying two deformations (onetaf the other) during crosslinking,

to align both the director and layer normal in a sample.

Method 1. Reorientation by two sequential uniaxial stretches

Semmler and Finkelmann [35] demonstrated that two uniaxial strethes can be used to align a
smectic:C sample. The rst stretch aligns the director just as in a nematic, which results in a
pseudo-monodomain described earlier. The second stretch is at aangle to the rst stretch,
where =90 o as illustrated in gure 1.19. This second stretch does not reorient lger normals
that are already perpendicular to the stretch axis. All the other layer normals are reoriented to
become perpendicular to the stretch axis.

Method 2. One uniaxial stretch followed by a shear deformation

Hiraoka and Finkelmann [36] demonstrated that a uniaxial stretch followed by a shear deformation
can be used to align a smectic= sample. The rst stretch is achieved by applying a uniaxial
stress of 25kPa for 1 hour, and produces a pseudo-monodomaihe shear deformation is used
to align the layer normals and is through an angle of approximately 20 applied for 3 hours, until
the cross-linking reactions are complete. The apparatus used topply this shear is shown in gure
1.20.
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1st deformation
direction

2nd deformation

z direction

Figure 1.19: Geometry of the two uniaxial deformations. is 90 minus the Sm-C tilt angle [35].

Figure 1.20: Geometry of shearing a SnE pseudo-monodomain to produce a monodomain [36].

Hiraoka and Finkelmann - Reversible thermal deformation

The quality of a smectic-C monodomain can be illustrated by demonstrating the coupling betwea
the microscopic orientation of the director and the macroscopic sape of the rubber. Hiraoka et
al. [37] took a smecticC monodomain and heated it into the smecticA phase, which causes a

spontaneous shear as a result of the tilt angle going to zero. Whernooled back to the smectic€
phase the sample recovers its initial shape, as illustrated in gure 1.2.

Director Layer normal
HX

Direction of
 Uniaxial deformation

=

Reversible
deformation

e e
et

==

Figure 1.21: Model of the molecular realignment of Sni=* LCE Im on heating to the Sm- A phase.

The shear angle, g, is not in general equal to the induced tilt angle, x , due to the polymer chain
anisotropy [37].
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Pseudo-Monodomain Samples

Despite the existence of these methods to produce a monodomaithere are no mechanical exper-
iments characterizing the stress strain behaviour of smecti€€ monodomains. Experimentally it
is easier to produce a pseudo-monodomain, and hence mechanicaberiments have focussed on
them. However, the reorientation of the director and layer normd in each domain results in a more
complicated deformation process than for a monodomain. This proess has been studied through
x-ray scattering [15], but the scattering patterns can be dicult t o interpret as they are the sum
of many, di erently oriented domains. Unfortunately they are the only mechanical data available
to probe current theoretical models, so the main results of thesexperiments are presented here.

@nchez-Ferrer & Finkelmann - Stretching a pseudo-monodomain
(main-chain)

The uniaxial stretching and shearing experiments of Sanchez-Feer and Finkelmann [15] are per-
formed on smecticC, main-chain LCE with a pseudo-monodomain microstructure descriled ear-
lier. The samples are highly anisotropic; stretching parallel to the director is much stier than
stretching perpendicular to the director and much larger deformdions are possible when stretch-
ing perpendicular to the director, see gure 1.22. The sample relaxaon proceeded slowly, so 1
hour of relaxation time was given between deformation increments.

6 200 >
Stretchin 3 Shearing o
5] gparallel togno parallel to n, 000000,
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=4
o
2 3
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perpendicular 1o n,
23 o~ G 3 10°Pa
14 4 10°Pal
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1 8 9 00 0.2 04 06 08 10 12
(radians)

Figure 1.22: (left) True stress versus deformation, for stretcing parallel and perpendicular to the
director, and (right) shear stress versus shear strain, paralleand perpendicular to the director in
a smecticC LCE pseudo-monodomain [15].

When stretching parallel to the director the initial elastic modulus is 13 MPa, but at a deforma-
tion of 1:2 the modulus increases to 20MPa. The x-ray scattering patterns for the initial
part of this stretch are shown in gure 1.23.

The WAXS patterns appear to show that the director remains paralel to the stretch axis, and this
is further supported by a corresponding increase in the WAXS ordefrom S = 0.82 to 0.89. The
SAXS peaks can be seen to reorient from an angle of 310 40 relative to the stretch axis, i.e.
the layer normals rotate away from the stretch axis. If the director is parallel to the stretch axis,
then the smectic-C tilt angle must be increasing. For deformations greater than 1:2 no further
reorientation is observed, and the corresponding sti ness is slighy higher. The deformations
applied parallel to the director are reversible.

The stretching of a pseudo-monodomain parallel to the director povokes a number of questions;

1. Why does the rotation of the layers stop at a certain strain?

If the smectic layers deform like embedded planes then the layer narals would rotate away
from the stretch axis with the director following at the tilt angle. This is because when a
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Figure 1.23: X-ray scattering patterns for (a) =1:00 and (b) =1:20 parallel to n, [15].

strain is imposed at an angle to the layer normal of a layered materialthe elongation and
contraction of the sample naturally rotate the layer normal. It seems surprising that no
buckling instability like that found by Nishikawa et al. occurs in this geometry, as this would
allow deformation at the rubber shear modulus.

Sanchez-Ferrer and Finkelmann assert that the director is not ale to rotate when strain is
applied parallel to the director, due to the main-chain chemistry of the system. They argue
that as the mesogens are incorporated directly into the polymer bekbone there is a torque
which prevents the mesogens rotating. This explanation seems toontradict the classical
understanding of liquid crystal elastomers, which argues that theanisotropic polymer chain
distribution created by the broken symmetry of the liquid crystal director is free to rotate.

2. Why is stretching parallel to the director so sti ?

The observed sti ness is characteristic of the smectic layer moduls and only limited layer ro-

tation occurs, but theoretically a layer instability seems favourable One possible explanation
is that it is di cult to rotate the layers and deform neighbouring doma ins in a compatible way.

The problem of compatibility may be exacerbated by the initial domain structure present in

a smecticC pseudo-monodomain, i.e. the interlocking domains are irregularly shged and
possess di erent initial orientations of the layer normal.

The layer correlation length in this sample is 4004, which is typical for main-chain systems.
In main-chain smectic-A systems such poorly correlated [26] or weakly coupled layers [38]
result in a low elastic modulus when stretching parallel to the director But these mechanism
do not seem to allow for a low elastic modulus here.

Figure 1.24: X-ray scattering patterns for deformations (a) =1:00,(b) =4:00and (c) =8:00
perpendicular to ngy [15].

When stretching perpendicular to the director the initial modulus is  0:3 MPa, but a reduction in
the modulus occurs at a deformation of ~ 2:3. This coincides with the initiation of a reorientation
process, where the layers reorient to become perpendicular to éhstretch axis. The x-ray scattering
patterns, shown in gure 1.24, demonstrate that the layer normds are oriented perpendicular to
the stretch axis when = 4. Surprisingly at deformations above 6 the layers rotate towards
the stretch axis, as the director becomes aligned with the stretctaxis. The x-ray scattering shows
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that at = 8 the sample has reoriented into a pseudo-monodomain with the diretor parallel to
the stretch axis. The modulus corresponding to the last phase of éformation is  0:4 MPa, which
seems low considering that a pseudo-monodomain is being stretchexrallel to the director. All
the deformation associated with reorientation (i.e. > 2:3) is irreversible.

The stretching of a pseudo-monodomain perpendicular to the diretor also provoke questions;

1. When stretching perpendicular to the director why does redentation form a pseudo-monodomain?

At very large strains the layer normals rotate towards the stretch axis, which indicates that
the layers are not behaving like embedded planes It is possible that darge strains the smectic

layers are no longer strongly coupled to the rubbery matrix, which dlows the director to align
with the stretch axis.

2. Why are the deformations that result in reorientation irreversible?

It might be expected that layer and director reorientation would correspond to elastic pro-
cesses, so the deformations would be able to reverse themselvdsew the strain is removed.

When shearing parallel and perpendicular to the director the initial dastic modulus is identical
for both geometries, see gure 1.22, The modulus of 0:3MPa is characteristic of the rubber
modulus. For the case of shearing perpendicular to the director thre is a reduction in the shear
modulus above a shear angle of around 19 Both shear deformations cause reorientation towards

a monodomain state, but the order parameter data indicates thatshearing perpendicular creates
a more uniform monodomain.

Modelling the mechanical deformations of smecticc elastomer in various geometries may be able
to resolve some of the questions raised by this experiment.

S@nchez-Ferrer & Finkelmann: Polydomain to Pseudo-Monodomain
Transition (main-chain)

Sanchez-Ferrer and Finkelmann also studied the stretching of ma-chain, smectic-C polydomain
[34]. The strain causes a reorientation process, which eventually pduces a pseudo-monodomain
with the director parallel to the stretch axis. Increasing the crosslink density resulted in a shorter
soft plateau and a shorter extension to breaking point. Once redentation is complete the sample

deforms nearly as stiy as the pseudo-monodomain sample stretckd parallel to the director, see
gure 1.25.

Pseudo-monodomain
parallel to n,

—~ 43 Stretching a
ECLU ¢ polydomain
3

Pseudo-monodomain
perpendicular to ng

Figure 1.25: True stress versus strain. The sti ness of stretchig a polydomain is intermediate to
the two cases of stretching a pseudo-monodomain shown. The aws indicate the strain region
where the polydomain sample undergoes a reorientation towards ansC pseudo-monodomain [34].
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Patil, Lentz and Hedden: Polydomain to Pseudo-Monodomain Transition
(main-chain)

Heddenet al. investigated the stretching of a main-chain smectic€ polydomain, prepared in a sim-
ilar way to that of Sanchez-Ferrer et al. but with di erent chemical constituents. The polydomain
undergoes a necking process, which produces a pseudo-monodamwith the director aligned with
the stretch axis. The necking transition occurs at 1:2, with the necked pseudo-monodomain
region eventually consuming the non-necked polydomain region. Thauthors attribute the neck-
ing transition to the unfolding of hairpin chains, and the irreversibility of the deformation to the
formation of new smectic domains. The stress-strain curve, showin gure 1.26, indicates that the
sample initially deforms at the smectic modulus.
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Figure 1.26: Nominal stress versus strain of main-chain smecti€ polydomain imposed by (a) a
force ramp and (b) a strain ramp [33].

Ren, McMullan, and Gri n: Various Systems (main-chain)

Grin et al. measured the strains-ratio (the negative ratio of the width strain to elongation strain)
for polydomain and pseudo-monodomain smecti€ elastomer [39], as shown in gure 1.27. The
stress behaviour is similar to that found by Sanchez-Ferrer and knkelmann. However stretching a
pseudo-monodomain perpendicular tan, resulted in necking at a strain of  30% after which the
strains-ratio measurements were discontinued.
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Figure 1.27: (left) Stress-strain and (right) the strains ratio for stretching (a) a pseudo-monodomain
parallel to ny, (b) a polydomain, and (c) pseudo-monodomain perpendicular tong [39].
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Grin et al. then incorporated transverse rods into a main-chain smectic&c polydomain [40]. The
intention was to create an auxetic e ect (lateral expansion perpeadicular to the stretch axis) by
increasing the packing density when the transverse rods rotateas illustrated in gure 1.28.

(b) [ -

Figure 1.28: lllustration of the auxetic e ect mechanism, achieved tirough the incorporation of
transverse rods, shown (a) in the undeformed state, and (b) oce a deformation is applied [40].

The stress-strain behaviour is largely unchanged by the transvese rods, and the mechanism failed
to achieve a negative stress-strain ratio, as shown in gure 1.29. fie authors attribute this to the
smectic layers preventing rotation of the transverse rods, and |ue that longer transverse rods
with shorter spacing between rods might realize auxetic e ects in man-chain LCE. However in
elastomeric materials a non-volume conserving deformation mode wid be penalized by the bulk
modulus  1GPa [41]. This greatly exceeds the energetic cost of all other defmation modes
in main-chain LCE, e.g. layer stretching 10MPa or entropic elasticity  0:1MPa, so these
deformation modes will occur rather than a volume expansion. Corsquently the proposed auxetic
mechanism is unlikely to be achievable in LCE, but a glassy system wheréhe volume is not
ordinarily conserved may render it possible.
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Figure 1.29: (left) Stress-strain and (right) the strains ratio for stretching a smectic-C polydomain
with (a) 0mol% (b) 10mol% (c) 20mol% (d) 30mol% and (e) 40mol% of trarsverse rods [40].

Smectic- C LCE Balloon Experiments (side-chain)

Schuring et al. [42] demonstrated that a planar Im of smectic melt can be in ated int o a spherical
bubble and then photocross-linked to form a smectic= LCE balloon, see gure 1.30. The melt
was blown and UV cross-linked whilst in the smecticA phase and the biaxial elongation ow
aligned the layer normals parallel to the radius of the balloon. In orde to blow a bubble low
viscosities and therefore high temperatures are required. Measing the air pressure and balloon
radius determined the elastic modulus in the isotropic, smecticA and smecticC phases.

It was not possible to blow a balloon with a radius much larger than the apillary tube, meaning
that the balloon is not perfectly spherical. A uniform thickness of a balloon could not be exper-
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P =91:7Pa P= 0:25Pa P =1:15Pa

Figure 1.30: Shape of an LCE balloon with di erent internal excess pessures. The diameter is
approximately 5 mm. The balloon is stable at negative pressure di ereces because of elastic forces
(the crinkles are fully reversible). The balloon had an equatorial thikkness of 2.3 m [42].

imentally achieved due to the high molecular weight of the polymer melt. The high cross-linking
density and dilute concentration of smectic mesogens in the elastoer meant that there was no
signi cant di erence between the isotropic and smectic phases [43]which prevented any smectic
layer compression or tilt angle e ects from being observed.

Similar side-chain systems produced by photo-crosslinking also befia closer to isotropic rubbers
[44], and demonstrate interlayer penetration upon stretching paallel to the layers [45].

1.5 Applications of Smectic LCE

Smectic elastomers have a number of potential applications, but a& especially interesting as
miniaturized-actuators, sensors and shape memory materials [48,7]. The symmetry properties of
the chiral smectic phases allows electrical actuation, which may be ore convenient than thermal
or photo actuation.

Smectic-C* LCEs are piezoelectric , as they have the correct symmetry properties to possess
electric dipoles. The polarization vector points in the directionn k. Piezoelectricity is the e ect
whereby a mechanical strain causes a change in the electrical polaation of the material. A change
in electrical polarization can be measured as a change in surface dig@ density. SmecticC* LCE

is a soft and highly-deformable material. This is in contrast with ceramic piezoelectric actuators,
which are capable of very small deformations at high stress.

Smectic-C* LCEs also exhibit ferroelectricity  [20]. This means that the spontaneous electrical
polarization can be reversed, for example by an applied electric eld.

The electroclinic e ect  was rst demonstrated in smectic-A* LCs by Garo and Meyer (1977)
[48]. It is the direct coupling of the tilt angle to an imposed electric eld. In smectic-A* LCEs this
e ect induces a macroscopic strain because it modi es the tilt angle avay from an initial value of

o = 0, producing a contraction in the layer spacing by a factor 1 cos (. In LCEs the electroclinic
e ect is strongest at the smectic-C* to smectic-A phase transition.

Ferroelectricity in a Pseudo-Monodomain

Heinze and Finkelmann [20] subjected pseudo-monodomain smectie* samples to a simple shear
deformation, see gure 1.31. The layer structure was reorientecby the shear, which resulted in a
spontaneous polarization.

The layer normal reorientation was tracked using x-ray di raction and measurements of the spon-
taneous polarization. The X-ray measurements showed that shealoes not create a uniform mon-
odomain sample, which appears to contradict similar experiments e.g[15], [36].
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Figure 1.31: Shearing perpendicular to the director of a pseudo-mwdomain. Silver grease was
used to create electrical contacts on the two sides of the elastoan [20].

At shear angles smaller than the tilt angle there is a splitting of the wideangle scattering distribu-
tion, which suggests that there are two di erent director orientations. At shears greater than the
tilt angle the director reorientation process has nished and the sattering peaks are constant.

The layer normals that are initially on the positive half of the x-axis, K. «, behave di erently to
their negative counterparts, K . At small shears the layersK , migrate to the x-z plane, which
can be seen from the increase in scattering intensity. Once sheaof around the tilt angle have
been reached these layers are nished reorientating. However thlayersK . x migrate away from
the x-z plane and never realign with the x-z plane. This behaviour qualitatively agrees with the
smectic-C model of Warner and Adams [49].

The spontaneous polarization was linearly dependent on the concémtion of chiral dopants.

A di erent realignment method, where the layer reorientation is much less complicated, is required
to study the true spontaneous polarization of this material.

Electroclinic E ect in a Monodomain

Hiraoka and Finkelmann demonstrated the electroclinic e ect in a morodomain Sm-C* sample
at various temperatures [50]. The electroclinic e ect is the direct caipling of the tilt angle to an
imposed electric eld. Electrodes imposed an electric eld across thehickness of the sample, and
the resultant deformation was measured with a microscope, see we 1.32.

Topside is fixed.

Sample
|4— Electrode

Figure 1.32: Observation of an electric- eld-induced deformation;(a) sample geometry and (b) a
micrograph image corresponding to the square section dotted witim in (a) [50].
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By varying the temperature the material was found to be most reponsive at the SmC*- Sm-A
phase transition. The electroclinic e ect can occur in the SmA* phase because an applied electric
eld can induce a polarization by increasing the tilt angle. The resultant deformation from an
imposed electric eld is shown in gure 1.33. The greatest strain achieed was L=Lo=0:6%
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Figure 1.33: Electric eld, E, and deformation in the direction L. The temperature was just
above the SmC* to Sm-A phase transition. The sample had a residual tilt angle of about 5 in
the Sm-A phase, caused by cross-linking the sample in the Si@-phase [50].

Shape Memory in Smectic- C LCE

Shape memory polymers (SMPs) are materials that have the ability toreturn from a deformed state
(temporary shape) to an original shape, when triggered by an exdrnal stimulus e.g. temperature
change.

Rousseau and Mather [47] demonstrated that polydomain smecti€& main-chain LCE exhibits a
thermomechanical shape memory.

Shape memory polymer works by following the cycle shown in gure 1.34

(i) Firstly the material is heated to a point above the transition temp erature. This starting point
is marked in gure 1.34 by the point marked (a).

(i) Deformation . A force is imposed on the material, which deforms it into a temporaryshape.

(i) Cooling . The material is cooled beneath the transition temperature. In typical SMPs a
crystallization occurs, which forms covalent netpoints that prevent a return to the original
shape.

(iv) Fixing . The deformation force is removed, with the material retaining its temporary shape.

(v) Recovery . The material is activated by heating it above the temperature recuired to destroy
the covalent netpoints. The material returns to the original shape.

In Smectic-C LCE a polydomain microstructure forms on cooling beneath the IsaSm-C transition
temperature. This polydomain microstructure is responsible for sabilizing the temporary shape.
If the sample is heated above the transition temperature the micrastructure is destroyed and the
initial shape recovered. By comparison natural rubber is not an eective shape memory material,
as illustrated by the cycle starting from point (b) in gure 1.34. Ther e is no memory e ect here,
as after the sample is cooled and the force removed, the strain regers back to zero.

The transition temperature of the LCE can be xed by varying the composition of mesogens,
which enables body temperature triggering (37C). There are numerous biomedical applications of
shape memory polymer technology foams e.g. sca olds for tissue gimeering, foams for treating
aneurysms, stent materials that release embedded drugs and a edle adapter for dialysis patients
[51].
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Figure 1.34: Shape memory cycle of (a) Smecti€& LCE (b) Natural rubber [47].

1.6 Theoretical Models of Nematic Elastomer

The reorientation processes and mechanical properties of LCE cabe studied by considering the
minimization of model free energies. It is useful to introduce the tleory of nematic elastomers here,
as smectic elastomer models are based on this theory. Numerousmatic free energies have been
put forward in the literature and these can successfully describe @y observed phenomena, e.g.
the rotation of the director towards the stretch axis and the as®ciated stress-strain plateau.

Ideally Soft Nematic Elastomers

Nematic elastomers have an anisotropic polymer chain conformationdue to the liquid crystalline
ordering. Typically the polymer chains prefer to run parallel to the director, giving a prolate chain
con guration. The polymer anisotropies parallel and perpendicularto the director are |;; and |-,
and their ratio is denoted asr = |;;=I, . Deformations that can be achieved by simply rotating the
polymer chain anisotropy are in an idealized sense perfectly soft. T elastic energy of an ideally
soft nematic elastomer was derived by Bladon, Terentjev and Warer [52] to be,
keT 1 1 _D oy

Ferw = Fo(Q; )+ — — — Tr 0

2 ljj |? = = = = ; (13)

where the nematic liquid crystal order parameterQ is taken to be una ected by the deformation.
The initial orientation of the director is n,, and following deformation the director is n. The
polymer step-length tensor is’ o = _+(r 1)nyn] and its inverse is_ 1= _+( % nn'. The
deformation matrix _ describes a ne deformations of the elastomer. A pointR; in the reference
state is transformed to the target state by R = _ Ry, as illustrated in gure 1.35.

The components of the deformation matrix describe either shear®r elongations, e.g. the
component is an elongation in thex-direction and ; is a shear of the planes with a normal in
the z-direction into the x-direction.

For an imposed deformation the energy can be minimized with respedo the director orientation.

When stretching perpendicular to the initial director there is a director instability at a threshold

strain ¢, provided restrictions on the allowed deformation components aranade. The threshold
1

strain is a probe of the initial chain anisotropy as = =l

This prediction qualitatively agrees with the experimental ndings of Mitchell et al. [53], where a
monodomain nematic sample underwent a strain-induced discontinuit of the director orientation.
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Figure 1.35: The deformation matrix _ transforms points between the reference and target states.

However similar experiments by Kundler and Finkelmann [54] do not oberve any discontinuity
instead a stripe domain pattern forms at a threshold strain. It was also observed that perfectly
soft deformations of nematic elastomers do not occur, as there & slight elastic sti ness associated
with rotations of the director.

Semi-Soft Nematic Elastomers

In order to explain the sti ness associated with director rotations an additional semi-softness term
is required, i.e. an energy term that penalizes the soft deformationmodes. Verwey, Terentjev and
Warner [55] introduced a model of semi-softness caused by comgitional uctuations. Composi-
tional uctuations are unlikely to be the dominant factor in how soft ness is actually destroyed, but
this energy term is of the correct functional form to describe semsoftness arising from any sample
non-ideality.

. h i, h i
Fvtw == Tr _ o T '+ T _ (_ nynl) _" nn' (1.4)
z } P z
Fnematic Fsemi soft

Theoretical stress-strain curves can be derived from the semie$t model and compared to the
experimental results of Kundler and Finkelmann. A deformation, , is imposed perpendicular
to the initial director and the remaining deformation components and director orientation are

minimized over. The free energies for ideally soft and semi-soft nentia elastomers are shown
in gure 1.37. The curves are labelled A, B and C corresponding to di eent degrees of director
rotation: A is no director rotation, along B the director rotates fr om =0to =2 and C corresponds
to =2 rotation. Stripe domains are visible when the director is partially rotated, i.e. on curve B.

F(=2) F(=2) = =2

3.4

3.20

3.15

3.10

3.05
B

3.00

11 12 13 14 15 1.6 11 12 13 14 15 1.6

Figure 1.36: Free energy of (left) ideally soft and (right) semi-softnematic LCE, stretched perpen-
dicular to ng for r = 2. [55].

The semi-soft stress-strain response and the corresponding kxal strains are shown in gure 1.37.
There is a semi-soft plateau in the stress-strain curve, with a chacteristic stiness , which
coincides with the rotation of the director, as shown on the left of gure 1.38. If the clamping
conditions deny the required shears, then the following of the soéist path is prohibited.
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Figure 1.37: (left) Nominal stress versus imposed strain and (right the corresponding lateral
strains for a semi-soft nematic LCE [55].

A wide range of diering nematic elastomers exhibit qualitatively the same pattern of director

rotation [56]. This experimental data can be collapsed onto one singlenaster curve given by

the semi-softhmodel, as slhown on the right of gure 1.38. The optimé director rotation is,
1 1

. 2 3 . .
= arcsin 5 1 2+ ", where ;= L 7 s the threshold to rotation.
1.75 — 0.7 L ! L —L
1.50 — 2 0.6 1 00O ¢ LE
] t
125 0.5
] i
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0.75 0.3 E
050} 0.2 E
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Figure 1.38: (left) The director rotation angle within the stripe domains [55]. (right) Experimental
director rotation data collapsed onto a master curve by using= 1 as a relative deformation. The
solid lineis 1 ( 1=)? [56].

Phenomenological Model of Nematic Elastomers

A uniaxial solid has 5 elastic coe cients, but a nematic elastomer can le treated as an approx-
imately isotropic elastic medium characterized by only two moduli; a shar modulus (C;) and a
bulk modulus (Cz). A one-constant approximation can be made for the Frank elastiity, which

describes the energy cost of the director eld.

The free energy can be written down in terms of the strain eld, j, and the relative rotation of
director and the network, ;. The energy can be written as a sum over a surface if the problem
can be simpli ed to 2D.
z
- 1 2 1 2 1 tr K 2 2
E = dS(ECl i + ECZ it EDl i jt D2 i jk Nj ik)+ 7(“ ﬂ) +(ﬂ (I‘ ﬂ)) ) (1-5)

Minimizing over the free variables gives solutions for the director redentation.
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Weilepp and Brand [57] used this model to provide a description of nemtic elastomers, which can
be taken as two dimensional phenomenon for su ciently thin Ims, i.e. thinner than all than the
other length scales in the system.

The mechanism of instability is that the imposed stress gives rise to mghanical strains. The
coupling between strains and relative rotations via. D, then leads to rotations of the director with
respect to the network, which are visible as stripes.

This model was criticized because the threshold strain is predictedd decrease with increasing
cross-linking density, which contradicts experimental results [58].The model also implies values of
the threshold strain and elasticity constants that appear to be ofthe wrong magnitude.

The Weilepp and Brand model can be extended to smectié: liquid single crystal elastomers [59]
to explain the instability found by Nishikawa and Finkelmann [19].

1.7 Theoretical Models of Smectic- A Elastomers

Adams-Warner Model

The Adams-Warner model is an extension of the Bladon, Terentjey Warner model of nematic
elastomers to describe smectic elastomers [23]. The model includes additional microscopically-
justi able term to describe the elasticity of layers,
h i 2
. . 1 d
Fsmectic- A = E Tr _ 0 T +2B - 1

0 — - 5% & ; (1.6)

where d/ dy is the change in smectic layer spacing and is the smectic modulus. The model
assumes that the smectic layers are strongly coupled to the polymematrix, and that the layers
deform like embedded planes. Consequently the orientation of the {&r normal is simply a slave
to the deformation matrix, i.e.

_ ok
i T Ko
and the change in the layer spacing is given by,
d 1
— = 1.8
do i T Ko (-8)

The director is assumed to be xed along the layer normal, i.e. n = k. The bulk modulus of
the sample is much greater than the rubber or smectic moduli, so theelastomer can be taken
incompressible, i.e. det. = 1. The Adams-Warner model successfully describes the Clark-Mger

buckling instability in monodomain smectic-A elastomers, see gure 1.39. The models predicts the
instability to occur at a strain . 1+ r=B when stretching parallel to the layer normal.

Figure 1.39: Schematic of the Clark-Meyer buckled microstructure The stripes are shown with
width h and in each stripe the layer normal is oriented at  to the stretch axis [23].
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The instability can be understood to occur due to the relative cost ¢ stretching the layers versus
the cost of deforming by a shear 4, that rotates the layers (and other distortions which leave the
layer spacing unchanged). The energy cost of layer stretching is %B 2, whereas for shearing the
energy costis r [60]. Consequently the sample deforms by layer stretching for smabtrains
and by shearing the microstructure above the threshold strain, se gure 1.40.

150 — ——

100F

251
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00 1.05 1.10 1.15 1.20 1.25

Figure 1.40: Nominal stress versus deformation parallel tm,. The solid line is the Adams-Warner
model and the points are experimental data from Nishikawa and Finlelmann.

Phenomenological model of Smectic- A elastomers

Stenull and Lubensky produced a phenomenological model of smigz A elastomers [61]. It is a
free energy expansion in terms of the Cauchy-Saint-Venant stria tensor and the director, with

the terms chosen to be consistent with the symmetry of the smedt-A phase. The Cauchy-Saint-
Venant strain tensor, E = %(:T _ _), has the property of removing rotations of the reference

state from _.

The free energy of Stenull-Lubensky can be obtained by considerina slightly more general form
of the Adams-Warner model. In particular the tilt angle between director and layer normal is not
xed in the Stenull-Lubensky model. The Stenull-Lubensky model indudes a penalty for changing
the tilt angle and an additional semi-softness term. The theories beome equivalent for small
strains once an energy penalty for modi ying the tilt angle is included [28, 62, 63].

1.8 Theoretical Model of Smectic- C Elastomers

Soft elasticity in Smectic- C Elastomers
Adams and Warner [64] introduce an energy model for smecti€ elastomers,

h [ 2
1 . N 1 d
Fsmecic ¢ = > Tr_ o L'+ EB d_o 1 (1.9

where the tilt angle, , betweenn and k is taken as xed at the initial value of .

They show that there is only one non-trivial trajectory of the dire ctor that gives soft deformations,
which corresponds to the rotation of the director around the laye normal. In the stretching
geometry wherek, = z and ny = (0;sin o;c0S o), a soft response exists to an imposed xx
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deformation. The soft deformation mode,_soit , iS given by,

0

1 sin2 (r 1)sin2 . sin 2
%ﬁ L oF a0 2 sn 1 5 35 ¢
=soft = 0 a( ) (rz—l)sinZ o( a( )+cos ) (1.10)
0 0 1
q —
where a( ) = cog + r—sin2 and =sin? g+ rcod o. The layer normal does not reorient

in this stretching geometry, because the imposed strain is perpencdular to k,. The angle that the
director has rotated aroundk, is termed , son = (sin ¢sSin , sin gcos , cos o).

The axial extensions that can be achieved by director rotation in the soft mode are shown in gure
1.41(a). As the director rotates by the sample width, y,, rst decreases and then increases back
to the original width. The sympathetic shears required to achieve asoft deformation are shown in
gure 1.41(b), and the soft-mode is illustrated in gure 1.41(c).
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Figure 1.41: (a) The elongation and (b) shear components of the dermation matrix _sos, for

the parameter valuesr = 2 and o = 0:5 radians. (c) An illustration of these deformations for an
initially square LCE. The component of the director perpendicular to the layer normal is c.

ho

The soft mode of equation (1.10) can be transformed to di erent $arting con gurations of the

director and layer normal by a set of rotation matrices. Adams andWarner [49] transformed the
soft mode to the case of stretching parallel to the layer normal, i.ek, = X, ng = €0s X +sin gy
and an imposed . The components of the upper triangular deformation matrix defamation
matrix for this geometry are shown in gures 1.42(a) and (b).

Microstructural considerations are known to rule out soft defomations in some geometries of
stretching. Adams, Conti and DeSimone [65] showed that stretcing a smectic:cC monodomain

parallel to the director cannot be soft because there is no compdéile deformation scheme of mi-
crostructure for this geometry.
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Figure 1.42: (a) The elongation and (b) shear components for the ®-C soft mode stretching
parallel to kg, with r =2 and o = 0:5 radians. Initially ky = X and ny =cos oXx +sin oy.

1.9 Summary

Smectic elastomers are layered rubbery materials, composed of satic phase liquid crystal meso-
gens cross-linked into a polymer matrix. At high temperatures the nesogens are oriented and
distributed isotropically, but at lower temperatures the mesogensalign and form layers. The
alignment direction is termed the director, n, and the layer normal direction is denotedk. In
main-chain systems the mesogens are incorporated directly into # polymer chains, whereas in
side-chain systems the mesogens are attached pendantly. Typilhathe average path of polymer
chains is distorted to be follow the director, resulting in a prolate polymer chain distribution.

In the smectic-A phase the mesogens are arranged in layers, with the director andyar normal

parallel. Whereas in the smectic€ phase the director is at an angle to the layer normal, termed

the tilt angle. Cooling isotropic LCE into a smectic phase results in a rardomly oriented polydomain

microstructure, because there is no preferred direction fon or k to form in. Typical the domains

are micron-sized for side-chain systems [16], but much smaller for nrachain systems, where the
folding of the polymer chain reduces the layer coherence [17].

To produce a macroscopic monodomain sample a preferred directiocen be created by applying a
uniaxial load during sample manufacture. In smecticA LCE uniaxial loading aligns the directors
with the stretch axis, resulting in a well ordered, transparent smetic-A monodomain [19]. In
smectic-C LCE this process aligns the director, but leaves a conical distribution of layer normals;
a con guration termed a pseudo-monodomain. To align a smectidc= monodomain an additional
stretch or shear can then be applied, which results in a uniform direr and layer normal [35].

Nishikawa and Finkelmann observed a buckling instability when stretchng a smecticA mon-
odomain parallel to the director. Initially the elastomer deforms by layer stretching, with a modu-
lus 10MPa, but at a threshold strain 3% a sheared microstructure forms turning the sample
opaque [19]. Subsequent deformation rotates the layers and leav¢he layer spacing unchanged, so
the modulus is much lower 0:1MPa. Later experiments on smecticA monodomains observe a
similar stress-strain threshold, but no reorientation of the layers[25].

The Adams-Warner model of smectic elastomers consists of a snigclayer term and a nematic
elasticity term, which models the rotation and stretching of an anisdropic polymer chain dis-
tribution. The layers are assumed to deform like embedded planes,ral the sample is taken as
incompressible [23]. This model predicts that for smectid= elastomers the rotation of the poly-
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mer anisotropy gives rise to soft modes, where the director rotas around the layer normal [64].
However in the Stenull-Lubensky model these deformations are ntonger perfectly soft due to an
additional semi-soft elasticity term, which models the destruction d softness due to defects. Also
the Stenull-Lubensky model does not assume the tilt angle is xed aits initial value, instead there

is an energy penalty for changing the tilt angle [61].

The literature of mechanical experiments on monodomain smectié LCE is summarized below.
Noticeably samples with short layer correlation lengths, , are not well described by current theory.

Smectic- A Elastomers

Experiment

| Experiment Description

Fit with theory

Nishikawa and Finkel-

mann (1999) \Smectic-A
LSCE- strain induced break-
down of smectic layering"

Stretch parallel to  n,.

A buckling instability is observed

at a threshold strain, and the

sample becomes optically opaque

Good. The buckling instability is de-

scribed by W-B, A-W and S-L models.
The reorientation of the layers is mod-
elled successfully with the assumption

(side-chain) [19] Dimensions: 16cm  1:0cm that layers behave like embedded planes
500 m. 1.4 m. The S-L model suggests that the buck-

ling results in a non-zero tilt angle [61].
Komp and Finkelmann Stretch parallel to  n,. Poor. Is there a small misalignment of

(2007) \A New Type of
Macroscopically ~ Oriented
SmecticA Liquid Crystal
Elastomer"(side-chain) [25]

A strain threshold to a lower mod-

ulus is observed, but the sample

remains optically transparent. Di-

mensions: 2cm  4mm 100 m.
=300 A.

the director with the stretch axis? Or

is the sample buckling only in its thick-

ness direction? If not then the number
of layer must be increasing, which is not
described by any model.

Kramer and Finkelmann
(2007) \Breakdown of Lay-
ering in Frustrated Smectic-
A Elastomers." (side-chain)
[26]

Stretch parallel to  n,.

The smectic structure may have
defects, as the two mesogens ar
di erently sized. Dimensions; not
stated. =400A.

Poor. The sample exhibits a smeared
out threshold, and is optically transpar-

ent above the threshold. The authors at-
tribute this behaviour to defects in the

smectic layer structure.

a)

Stretch parallel to  n,.

The sample was prepared via a
2 step photo-crosslinking process
Dimensions: 15mm  2mm

30 m. is small

Poor. The sample exhibits a weak
threshold at low temperatures, and is op-
tically transparent above the threshold.
The authors attribute this to the main-
chain chemistry giving a short smectic
layer correlation length.

Beyer, Terentjev &
Zentel  (2007) \Mon-
odomain Liquid Crystal
Main Chain Elastomers
by Photocrosslinking”
(main-chain) [38]

Kramer and Finkel-
mann  (2008) \Shear-

induced tilt in smectic-A
elastomers"(side-chain) [28]

Shear perpendicular to K.
The sample is identical to
Nishikawa et al. (1999). Dimen-
sions: 74 5.0 0:45mm.

Good with S-L model. A tilt angle
of 6 is induced by a shear of 21. The
assumption of a xed tilt angle in the
A-W model is only approximately true.

Stannarius et al. (2006)
\Mechanical manipulation
of molecular lattice param-

eters in smectic elastomers'

(side-chain) [45]

Stretch perpendicular to Ko.
Multiple experimental techniques
measure no layer reorientation.
Dimensions: 1mm 3mm
0.5 m (i.e. very thin)

Unclear. The Im shrinks normal to the
smectic layers, indicating interlayer pen-
etration. The authors attributed this to
the UV cross-linking producing a micro-
scopically homogeneous sample.

The literature of experiments on smecticC LCE is summarized in the following table.

Most

experiments are performed on pseudo-monodomain and polydomasgamples, which are not easily
relatable to theoretical descriptions of monodomains. There are o stress-strain curves reported
for stretching a monodomain smectic€ elastomer, which would directly probe current theory. The
reorientation of the layers observed in these experiments seems tsuggest that the layer normal
are not strongly coupled to the rubber matrix.
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| Experiment | Experiment Description | Fit with theory |
Snchez-Ferrer and Pseudo-monodomain Poor . Stretching parallel to n, the high
Finkelmann (2008) \Uni- | stretching parallel and sti ness is surprising, as a monodomain
axial and Shear Deformations| perpendicular to  n,. would theoretically deform at the rubber
in Smectic-C Main-Chain | Dimensions: not stated. modulus. Stretching perpendicular ton
Liquid Crystal Elastomers" 400A. the director aligns with the stretch axis
(main-chain) [15] at high strains, which is not expected if

the layers are embedded planes.

Snchez-Ferrer and Polydomain to pseudo- Poor . Unexpectedly at high strains the
Finkelmann (2011) monodomain transition. director aligns with the stretch axis and
\Polydomain-Monodomain Dimensions: not stated. the layer normals do not rotate to away
Orientational  Process in 380A. from the stretch axis. The cause of the
Smectic-C Main-Chain plasticity associated with layer reorien-
Liquid-Crystalline Elas- tation is not well understood.
tomers" (main-chain) [34]
Hedden et al. (2009) | Polydomain to pseudo- Poor. The layer normals do not rotate

\Necking Instability during
Polydomain-Monodomain

monodomain transition.
Initially the sample is sti,

away from the stretch axis. The au-
thors argue that the necking transition

Transition in a Smectic | then necking forms a pseudo-| is due to hairpin chains unfolding, and
Main-Chain Elastomer" | monodomain. Dimensions:| that smectic domains may form.
(main-chain) [33] 7mm  1:15mm  0:4mm.

Ren, McMullan, and Pseudo-monodomain Poor. The behaviour is similar to
Grin (2008) \Pois- | stretched parallel to  n,. that observed by Sanchez-Ferreret al.,
son's Ratio of Mon- | Dimensions: not stated. except that when stretching pseudo-

odomain Liquid Crystalline
Elastomers"(main-chain) [39]

monodomain perpendicular to n, neck-
ing occurs.

Hiraoka et al. (2005)
\Biaxial Shape Memory
E ect Exhibited by Mon-
odomain Chiral SmecticC
Elastomers" (side-chain) [37]

Thermal cycling of a Sm-

C monodomain results in
spontaneous shearing.

The sample was 8.5mm long in
the smecticA phase.

Good. The macroscopic shape change
indicate that the polymer chain distri-
bution is in uenced by the smectic-A to
smectic-C phase transition as expected.

4

Heinze and Finkelmann
(2010) \Shear Deformation
and Ferroelectricity in Chi-
ral SmC* Main-chain Elas-
tomers" (main-chain) [20]

Pseudo-monodomain

sheared perpendicular
to n,.
Dimensions: 850A.

Good. The reorientation of the layer
normals is a complicated, but qualita-
tively agree with the A-W model.

Schs#ring et al. (2001)
\Liquid Crystal Elastomer
Balloons" (side-chain) [42]

Biaxial stretch perpendicu-

lar to k,. Pressure and radius
measurements were made in the
isotropic and smectic phases.
Balloon radius 2mm, and

thickness 1 5 m.

Unclear.  The biaxial stretch is ex-
pected to reduce the layer spacing, but a
characteristic smectic modulus is never
observed. This may be result from the
UV cross-linking process, and the high
cross-linking density.




Chapter 2

Modelling Semi-Soft Smectic- C LCE

In this chapter a constitutive model of a semi-soft, smectic€ LCE monodomain is described. This
model is used to investigate stretching of a microscopic monodomaiin various geometries, by
imposing one deformation component and minimizing the energy with repect to the remaining
free components. The minimization of this free energy is not analytially soluble, due to the
complication of the constraint on the director. Therefore computational techniques are used to
derive stress-strain curves from the constitutive model.

2.1 Smectic- C Monodomain Model

Monodomain smecticC elastomer has an initial director n, and layer normal k, arranged at a tilt
angle o, see gure 2.1. The tilt angle is assumed to vary with strain, so afterdeformation the
director n and layer normal k are arranged at a tilt angle ,i.e.n k=cos .

n
Mo

z

0
y X

Figure 2.1: A monodomain of smectic€ LCE.

The layers are taken as embedded planes, so the layer normal oriation is simply a slave to the
deformation matrix,

_ Tk

k= ———;
I— T Koj

2.1)

and the material can be taken as incompressible, i.e. det = 1.

The free energy of a monodomain can be modelled as having four caittutions;

1) The smectic layering elasticity , Fsmeciic » IS the enthalpic cost of changing the layer spacing.
Changing the layer spacing is the sti est deformation mode by an oreér of magnitude.

2
d cos

Fsmectic = 3 4. cos
0 0

=

2.2)

where dp is the initial layer spacing, d is the nal layer spacing and dg = T;k
0 Kol

31
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2) The nematic elasticity , Fnematic , IS the entropic elastic energy of stretching or rotating an
anisotropic chain network, h

1 . N
Frematic = > Tr o T L1t (2.3)

where is the rubber shear modulus,’ o = _+(r 1)nyn} is the polymer anisotropy tensor and

1= _+(% Dnn" is the inverse oflo.

3) The semi-softness elasticity , Fsemi soft » IS @ Small modi cation to the nematic energy term

due to various non-idealities of the sample. The non-idealities could bany defects that eliminate

the isotropy of the undeformed sample, e.g. anisotropy of crosslking [66]. Biggins et al. [67]

proposed a completely general semi-soft form up to quadratic orer for nematics. The most general
energy that is quadratic in _ takes the form,

X h i
F = ™ A _ B _; (2.4)

i5j a
where A; and B; are constructed out of vectors and scalars from the referencand target states
respectively. If the reference state is characterized by a singleiréction n, and the nal state by n
then the most general energy is,
h i
F=Tr H_ _"+Jnyny _ _"+Knynl " nn" _+L_" nn" _: (2.5)

Typically these constants are chosen so that the semi-soft eneychas the form

h i
1
Fsemi soft = 5 T _ (= ﬂo_-(l)—) _T ﬂﬂT . (2.6)

In smectic elastomers there are new possible sources of non-iddshaviour, and new directions
in the problem such as the layer normal. However it will be assumed thiathe semi-soft energy

in smectics has the same forp as in nematics. Contet al. [68] used a neo-Hookean form of
the semi-soft energy,F = %Tr _ :T to regularize the ideal nematic free energy, and a uniax-

ial neo-Hookean term in [69]. These terms produce similar behaviouratthe nematic semi-soft term.

4) The tilt elastic energy , Fy: , penalizes deviations of the tilt angle away from o,
1
Fuw = Sa cos' o (nk)® % 2.7)

where a; is the tilt modulus and n k = cos . The tilt modulus is typically large compared to
the shear modulusa; , So the tilt angle remains close to o [28]. It is convenient to de ne the
dimensionless tilt modulusc= a;= .

Summation of the four energy contributions yields the smecticE energy;

h g h [
Fsmc=5 T _ o " 2" +5 T _(_ nong) " nn'
1 d cos 2 1 2
+>B — + = S k)? “: 2.8
5% & cosq 5C cos o (nik) (2.8)
Any correct description of the smectic-C system should be unchanged by the operationg ! n
and k! k. This is because the director and layer normal are quadrupolar olgcts, i.e. they are

double-headed vectors. Also the description should be invariant uder rotations of the reference
space. The energyFsm c, satis es these symmetry conditions.

This investigation will ignore the e ect of clamping at the boundaries, and focus on the deformation
of sheets of SmE elastomer whose mechanical properties will be dominated by the defmation of



CHAPTER 2. MODELLING SEMI-SOFT SMECTIC- C LCE 33

the material in the middle of the long sheet. The elongations considexd will be in the x direction,
i.e. imposing the ,x component, together with the induced shear deformations. The ppropriate

deformation matrix is 0 1
XX Xy Xz
_= @ o vw vz A (2.9
0 0 22

The components yx and ,x are set to zero as they would be resisted by countertorques when
applying a load in the x direction. The uniaxial symmetry of the deformation means that _ can be

arbitrarily rotated around the extension axis, and this freedom has been used to set ,, to zero.
The constraint of incompressibility can be used to set vy, = 1= xx .

In experiment, imposed stress ensembles are often used, which iehe same results when the
stress-strain curve is monotonic. However, some of the stresdrain curves calculated here are
non-monotonic; hence there are several strain values for a singétress value. In this case there is a
di erence between the xed stress and xed strain ensembles, ad for xed stress a Maxwell con-
struction must be used to determine the strain. This is described in [8] and brie y in section 2.3.

Auxetic Behaviour

An unusual property of some SmE soft modes is their negative Poisson's ratio , albeit it in
one direction only. The soft mode when stretching parallel to the layr normal is illustrated in
gure 2.2. The ;; component increases with imposed 4 , i.e. the sample expands in the direction
perpendicular to the imposed elongation. This is because the constint of an approximately xed
tilt angle between the layer normal and director results in the director rotating into the z direction.
The sample then laterally expands to accommodate the anisotropiclain shape.

Side View

;

Y

Plan View

-

&

Figure 2.2: lllustration of auxetic behaviour stretching parallel to k,. The director (red) moves
out into the z direction, causing a lateral expansion of the sample, while maintaininghe initial
tilt angle with respect to the layer normal (white).

To the author's knowledge this mechanism for negative Poisson's réd has not been reported before.
The microstructure formed by LCEs during deformation may prevent the observation of negative
Poisson's ratio for some deformations, and this is discussed furtmein section 2.3. Alternative
mechanisms of producing auxetic behaviour based on modifying thet@mchment of mesogens to
the polymer backbone in smectic LCEs have been proposed and invégated experimentally [40, 70].

For isotropic materials, the Poisson's ratio must be intherange 1< < 0:5. LCESs are anisotropic
materials, so have Poisson's ratios outside this range. As the mat&s considered here are volume
conserving, the Poisson's ratio in they directionis yy, =1 zz- When stretching parallel to the
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layer normal, the Poisson's ratio for ¢ > 0 is given by

d 2 _ 1

A I (r 1)cog o: (2.10)

Substituting in typical values of ¢  0:5 radians, andr 2 for a side chain system produces
1:3. When compared with other auxetic materials [71] this is a more nedése Poisson's
ratio, corresponding to a larger rate of expansion (albeit in only onedirection here). The extent
of the soft mode in this geometry is
S

(r_ 1y

——sin? 2 o;: (2.11)

To illustrate the expansion of the LCEs on elongation here, we will us¢he incremental Poisson's
ratio (IPR) de ned by

n= g (2.12)

where an elongation . is imposed and ,; is the transverse deformation.

Computational Minimization

The free energy for a monodomain of smecti€ LCE is su ciently complicated to render analytic
minimization impossible. This is in contrast to the case of a semi-soft nmatic elastomer where the
behaviour is analytically soluble in some geometries. The additional di culty in smectic-C LCE
arises because of the non-linear constraint on the director, i.e. it i€onstrained to rotate around
the layer normal.

The absence of analytical solutions means that computational mininzation algorithms are required
to minimize the free energy and derive a stress-strain curve. Whertthe elastomer undergoes a
deformation step its deformation components relax to nd the conguration of the lowest energy,
and a minimization algorithm is used to nd this con guration. A progra mming implementation
to minimize the smectic-C energy is included as appendix A.

The energy minimization problem for an imposed . is;

Minjmiz_e ' Fsm c( xx: Xy Xzi yzi zZ» n)
Xy s xz s yz, zz [ (213)
subjectto jnj=1;jkj=1and n k=cos :

The constraint of the tilt angle of between the layer normal and director can be encoded as
n = csin + kcos; (2.14)

where ¢ is a unit vector perpendicular to k. A particular basis is required to expressc. It is
convenient to use the unit vector ¢,, the starting orientation of ¢, and ¢, k. The vector ¢ can
be expressed as

c= acos + bsin; (2.15)

wherea/ ¢, k(c, k) is a unit vector constructed from the component ofc, that is perpendicular
to k. The unit vector b= k ais perpendicular to both a and k, see gure 2.3. Hence in the initial
conguration =0, and a= g¢,.

Ko 4a
Ky ,
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~
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b <1, So
- N4 >
>
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Figure 2.3: An illustration of the vectors a and b used in the numerical calculations.



CHAPTER 2. MODELLING SEMI-SOFT SMECTIC- C LCE 35

2.2 Tensile Deformations of Monodomain Smectic- C Elastomers

Tensile deformations of monodomains in ve di erent geometries wee investigated. These were
chosen in light of the pseudo-monodomain stretching experimentsfoSanchez-Ferrer and Finkel-
mann [15], and re ect likely choices for future investigations.

)\a:;v
(a) (b) o (c)
\k koA n
- “ohATo e
- —> « | —>
ny / 4 Eo
\ Yy L
” ng 1 kg || k,

Figure 2.4: The director and layer normal orientations for the ve elongations considered: (a)
parallel to ny, (b) perpendicular to k, and n,, (c) parallel to k,, (d) perpendicular to ny, with kg
coplanar, and (e) at an angle to k.

Algorithms

Successful computational minimization requires nding the global eergy minimum not just a local
minima. The degree of di culty is strongly dependent on the geometry of deformation. The ve
geometries investigated here are shown in gure 2.4. A particularly snple case is (b), because
the layer normal does not reorient in this geometry. The most di cu It case is (d), as the director
orientation is discontinuous at a critical strain. This makes reliable minimization challenging, as
two energy minima exist that are separated in parameter space by menergy barrier.

A variety of pre-existing algorithms were employed in an attempt to robustly minimize Fsm ¢.

i) A simplex algorithm , EO4CCHrom the NAG library [72]. This algorithm works for the
easy geometry of stretching parallel to the director. For more di cult geometries it is generally
unsuccessful in nding a global minimum rather than local minima.

i) A sequential quadratic programming algorithm , hag_con_nlin _Isq from the NAG library

[73]. This algorithm is designed to solve constrained nonlinear least-s@mres problems. It directly
handles the constraints using Lagrange multipliers. It fails completdy for the dicult case of

stretching perpendicular to the director, with the layer normal coplanar.

iii) A genetic algorithm , Pikaia by the High Altitude Observatory [74]. Using default con-
trol parameters the algorithm is signi cantly slower than the NAG alg orithms, taking around 1
second to perform a minimization. The algorithm is partially reliable for the case of stretching
perpendicular to the director, with the layer normal coplanar.

iv) A simulated annealing algorithm , SIMANNY Go e et al. [75], can reliably minimize the
energy even in di cult cases. Simulated annealing is more robust becase it is designed to initially
accept moves away from local minima thus exploring the parametergace more thoroughly. The
computational results were produced using simulated annealing, tan further re ned using the
sequential quadratic programming algorithm.



CHAPTER 2. MODELLING SEMI-SOFT SMECTIC- C LCE 36

Computational Results: Elongations of Smectic- C Elastomers

The model has the parameters;a ;B;r and . Typically, o
samples [16, 19, 21]a;= = c & 1 in smectics [28, 62], and® 2 in side chain liquid crystalline
polymers [60, 76]. Petelinet al. measured 0:1 in nematic elastomers [77], and similar values
are expected in smectics. These parameter values will be used to illmate the behaviour of the
model in the following computational investigation.

30 [20],B= 60 in well ordered

A. Elongation Parallel to ng

The rst deformation considered is stretching parallel to the director, i.e. imposing yx with ng = x
and kg = cos ox +sin oz.

1
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Figure 2.5: (a) The stress-strain response for a semisoft Si@i-elastomer stretched parallel ton,.
The model parameters areB= =60, r =2, o = 0.5, and the values of (;c ) shown in the gure.
(b) Director and layer normal reorientation, for ( ;¢ ) = (0.05, 1 ).

The stress-strain response is shown in gure 2.5(a) for the casef@ xed tilt angle. The sti ness

is characteristic of the rubber modulus, as the energy is incurred lanost entirely by the nematic
elasticity term (the layer spacing is unchanged by the stretch). The reorientation of the layer
normal and director is shown in gure 2.5(b). Because the layers dform as embedded planes the
layer normal reorients to become perpendicular to the stretch diection as 4 ! 1 , and the
director follows at the tilt angle.

The components of the deformation matrix are shown in gure 2.6(3 and (b). The behaviour in
the lateral directions is anisotropic due to the rotation of the polymer anisotropy. Only the
shear component is non-zero.
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(a) The diagonal and (b) shear components of the defmation tensor when stretching
parallel to ny, for parameter values of (;B=;c;
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B. Elongation Perpendicular to ko and ng

The deformation considered is stretching perpendicular to the initid layer normal and director, i.e.
imposing xx with ky = z and ny = cos oz +sin oy. The layer normal does not reorient in this
geometry, as it is perpendicular to the stretch direction.
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Figure 2.7: (a) The stress and (b) the angle of rotation for a semisib Sm-C elastomer stretched
perpendicular to k, and ny. The model parameters areB= =60, r = 2, o = 0.5, and the
values of (;c ) shown in the gure. The thick curves (green) are from the more general numerical
relaxation, and the black curves are calculated using the decompd#n of the deformation matrix.
(c) Director and layer normal reorientation for ( ;¢ ) = (0.05, 1 ).

In the absence of the semi-softness term of equation (2.6) this d@mation is a smectic-C soft
mode, which is described analytically in section 1.10. However the fullrée energy can only be
minimized numerically. The resulting stress-strain curve, and the ofentation of the director of this
minimisation are shown in gures 2.7(a) and (b) by the thick (green) lines.

For the ideal Sm-C elastomer, the soft plateau ends at x = r= , as can be seen from the soft
mode in equation (1.10). The plateau ends when the director has copteted a rotation by =2
around the layer normal. For non-zero values of the onset of rotation of the layer normal is
delayed, and it never nishes a full =2 rotation. This is evident in the stress-strain curve, because
the well de ned stress plateau for =0 becomes progressively less sharply de ned. For  0:01
there is a pronounced stress plateau, but for larger values of  0:1 there is no plateau, merely
a knee in the stress-strain curve. Figures 2.7(a) and (b) also shawthe e ect of reducing the tilt
modulus c. The knee in the stress strain curve becomes less pronounced,dthe rubber hardens
more slowly for larger values of .

The retardation of the director rotation may be signi cant for piez oelectric response of these
materials. There would be no piezoelectric response until the strainvas above the threshold. The
potential di erence across the sample would be lower in semi-soft saples because the alignment
of the electric dipoles associated with director rotation is spread ogr a much larger deformation

range.

The deformation components when stretching perpendicular tk are illustrated in gure 2.8. Note
the sympathetic shears that accompany the director rotation ae persistent, because the director
rotation is never completed if > 0.

Numerically it is clear that with the inclusion of the semi-soft term ther e is a delay in the rotation
of the director. The director rotation path is shown in gure 2.7(c) . Some analytical progress
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Figure 2.8: (a) The diagonal and (b) shear components of the defmation tensor when stretching
perpendicular tok, andng, for (;B=;c; o;r)=(0.05,60,1,0.5,2). The sympathetic shears persist,
as the director rotation never completes its /2 rotation.

can be made in this geometry by decomposing the deformation into tree parts; the initial hard
deformation with xed director and layer spacing denoted _naq, the soft mode _sot and the

subsequent shear and elongation after the soft modgO [49],

_= =O _soft _hard » (2.16)

where _nag = diag( 1;1= 1;1), _sort given in equation(1.10), and

0 1
0
’=@o0 1= 0A: (2.17)
0 0 1
This deformation matrix can be substituted into the free energy terms of equation (2.2), (2.3), and
(2.6) (assuming thatc!1 ,sothat = g). The problem is then reduced to a minimization over
the variables 1; ; and , with the constraint that the total 4 is prescribed. The threshold

before the onset of director rotation can be calculated by setting =1 and =0, then performing

a series expansion of the free energy in soft mode rotation angle The leading term isO( ?), and

when this term becomes negative a non-zero value of will lower the free energy. To leading order
in( 1 1), this coe cient becomes negative when ; is approximately

1=1+8r2=(1+29r 292 r3+r +35r2 (2.18)
+4r2 cos2 +(r 1)({(r 1)>+r )cos4)

This value is slightly smaller than the corresponding threshold to dired¢or rotation in nematic

elastomers of 3 = — 1r [60]. Intuitively this is because in the Sm-C phase the deformation
is restricted to two dimensions by the layer spacing constraint. Cosequently there is a larger
contraction in the direction perpendicular to the stretch which causes the elastic free energy to rise
faster, and hence the director rotation to start earlier in Sm-C LCEs as compared to the nematic

phase.

The minimization of the free energy over 1; ; and produces results that are in good agreement
with the more general numerical method. These results are showby the black lines in gures
2.7(a) and (b).
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C. Elongation Parallel to kg

The deformation considered is stretching parallel to the initial layer normal, i.e. imposing xx with
ko = x and ny = cos oX +sin oz
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Figure 2.9: (a) The stress-strain response for a semisoft Si@-elastomer stretched parallel to the
layer normal. The model parameters areB= =60, r = 2, and ( = 0.5, and the values of (;c)
shown in the gure. (b) The corresponding IPRs for the stress-rain curves. (c) Director and layer
normal reorientation for ( ;¢ ) = (0.05, 1).

The stress-strain response is shown in gure 2.9(a) for various Maes of the semi-soft parameter .
Forc!1 the rst part of the stress-strain curve is determined by the smectic layer modulus B.
The semi-soft term prevents the rotation of the director, and the layer spacing increases. Once the
force required to increase the layer spacing is comparable to thatequired to rotate the director
the semi-soft mode begins. The stress-strain curve has negatigope once director rotation starts.

As explained in gure 2.2 there is a negative incremental Poisson's rao in this geometry as the
director rotates around the layer normal into the direction perpendicular to the stretch axis. The
IPR is shown in gure 2.9(b). The lateral expansion, combined with the free energy expression for
the semi-soft elasticity, results in the negative sti ness. For large values of the Poisson's ratio
becomes less negative.
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Figure 2.10: (a) The diagonal and (b) shear components of the defmation tensor when stretching
parallel to the layer normal, for parameter values of (;B=;c; o;r) = (0.05,60,1 ,0.5,2).

The rotation of the layer normal and director is illustrated in gure 2 .9(c) for the case of a xed tilt
angle, and the corresponding deformations are shown in gure 2.10The expansion of the sample
in the y direction is clearly visible at the onset of rotation, as are the usual kear components that
accompany a soft mode. For nite values ofc the deformation becomes more complicated; before
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the threshold the director rotates towards the layer normal and the sample shears, which itself
results in movement of the layer normal. There is both an increase inhe threshold to the start

of rotation, and a reduction in the amplitude of the semi-soft defomation. This is because the
shearing before director rotation results in rotation of the layer normal, and there is a reduction in

the tilt angle before the onset of shearing.

Negative sti ness from the Soft Mode

In the limit of small  the semi-soft term is a small perturbation to the nematic and smecic terms.
If the geometry permits soft deformation then to a good approximation the deformation is the
smectic-C soft-mode. The soft mode deformations in some geometries resuft a negative sti ness
when combined with the semi-soft energy term.

The soft-mode for stretching perpendicular tok, and n, is described by equation (1.10). Putting
this deformation into the semi-soft energy term curve results in a nonotonic stress-strain curve, as
shown in gure 2.11(a).
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Figure 2.11: (a) The stress-strain response stretching perpemcllar to k, and n, for the soft-mode
(green) and numerical minimization (black). (b) The stress-strain response stretching parallel
to k, for the soft-mode (green) and numerical minimization (black). The parameter values are
(;B=;c; o;r)=(0.01,60,1,0.5,2).

The soft-mode for stretching parallel to k, can be found by a suitable rotation of_so: . Combining

this soft-mode with the semi-soft energy term results in non-montonic stress-strain curve, see
gure 2.11(b). The root cause of the negative sti ness can be invstigated with a scalar model.

Scalar model of the negative slope region

The unusual response above for the S soft mode can be illustrated for a simpler deformation.

Consider an elongation with a diagonal deformation matrix of an impogd ., 2, given by
3% A
z=1 A « 5 + Z; (2.19)

with y, determined by volume conservation. The parameterA here controls the initial rate of
expansion of the material. Its Poisson's ratios are A, and 1+ A. This is similar to the Sm-C soft
mode in illustrated in gure 1.42. The deformation in equation (2.19) can be substituted into a
neo-Hookean model of the form,
h [
FNeo Hookean = % T _ _" (2.20)

which is broadly similar to the semi-soft elastic energy term. The resliing stress-strain curve is
shown in gure 2.12. It can be seen from this plot that for su ciently large values ofA the stress-
strain curve has a negative slope similar to stretching the SnE LCE parallel to the layer normal.
For some geometries the Poisson's ratio is su ciently negative to reslt in a negative sti ness. The
con gurational entropy of the perpendicular degrees of freedm decreases as the sample expands
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resulting in a positive contribution to the stress. Once lateral expaision starts to slow su ciently
there is a weaker contribution to sti ness of the sample from the pependicular degrees of freedom
and the stress starts to drop, which produces a negative slope inhe stress-strain response. By
tuning the parameter A in the model, the balance between the parallel and perpendicular deges
of freedom can be altered, and the sti ness changed from negaté/to positive.

This scalar model shows that the negative sti ness is a result of thdateral expansion during the
Sm-C soft mode, and not solely due to the form of the semi-soft elastic ten.
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Figure 2.12: For the scalar model of the negative stress strain cue described in the text, (a) shows
the stress-strain curves forA = 0:5;0:75; 1, and (b) the deformation components forA = 1.
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D. Elongation Perpendicular to ng, with kg coplanar

Stretching perpendicular to the initial layer normal is illustrated in g ure 2.4(d). The results for
the numerical calculation of the stress-strain curve for this georetry are shown in gure 2.13(a).
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Figure 2.13: (a) The stress-strain response for a semisoft S@-elastomer stretched perpendicular
to ny. The model parameters areB= =60, r =2, and ( =0:5, and the values of (;c ) shown in
the gure. (b) The corresponding IPRs for the stress-strain cuves. (c) Director and layer normal
reorientation for ( ;¢ ) = (0:05;1 ).

This geometry has the remarkable feature that ,, ! 1 when | 0, as shown in gure 2.13(b).
For larger values of the Poisson's ratio becomes less negative. The jump in the directorlso
causes a discontinuity in the IPR, and a sudden increase in the width bthe sample. Note that in
this geometry there is a discontinuity in the stress-strain curve, inaddition to the negative sti ness.
The discontinuity in the stress-strain curve is accompanied by a junp in the director as shown in
gure 2.13(c), and the corresponding deformations are shown in gure 2.14.
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Figure 2.14: (a) The diagonal and (b) shear components of the defmation tensor when stretching
perpendicular to the director, for parameter values of (;B=;c; o;r) = (0.05,60,1 ,0.5,2).

Intuitively the discontinuity arises because when the director jumps the long axis of the polymer
shape tensor jumps towards the elongation direction. Consequély the natural length of the rubber
in this direction is increased, so there is corresponding drop in the sess.

The jump in the director can be understood from the properties ofthe soft mode in this geometry.
The rst part of the total deformation (until the end of director rotation) can be approximated as
a hard deformation where there is no director rotation, followed bya soft mode

_ = _soft _hard - (2.21)
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The amplitude of the soft mode in this geometry can be calculated anigtically to be
o= 34T 2)+4(r2 1)cos2e+(1+(2  3r)r)cosdo 22" 2 ): (2.22)

The hard part of the deformation has only diagonal elements, and a xz shear component.

0 1
XX 0 Xz
_hard = @ 0 1=( XX zz) 0 A: (2.23)
0 0 2z

Substituting this into the full free energy density yields an approximate solution to the minimization
problem, where the director rotation is assumed to be continuousThe free energy density in this
case is shown in gure 2.15.
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Figure 2.15: The free energy calculated numerically (dashed blackand the free energy trajectory
of the semisoft mode with continuous director rotation (thick green) when stretching perpendicular
to the director. The parameter values are (;B=;c; o;r) = (0.05,60,1 ,0.5,2)

The analytic solution with continuous director rotation has higher fr ee energy for the rst part of
the deformation. Hence, the elastomer initially stretches without drector rotation. If the director
were to start rotating, then the form of the soft mode results in rapid rotation of the director, and
an in nite slope in the free energy. However, the rate of increaselews, and eventually the state
with a rotated director is lower in free energy than that with a xed d irector. At this point the
director jumps to the new orientation. There is a discontinuity in the slope of the free energy at
this point, or equivalently a jump in the stress.

The energy landscape responsible for the director instability is illustated in gure 2.16(a).
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Figure 2.16: (a) Fsm ¢ versus imposed xx and imposed , for ( ,c) =(0.01,1 ). The remaining
free variables, yy, xz, yz and ;,, are minimized over. (b) Cross-sections through the energy
landscape at values of constant yy .

The transition between the unrotated and rotated director states is similar to a rst order phase
transition, i.e. a transition occurs when two energy wells become eal in energy. In gure 2.16(b)
the depth of the two energy wells becomes equal foryx = 1:035. The results show that the



CHAPTER 2. MODELLING SEMI-SOFT SMECTIC- C LCE 44

unrotated state, =0, is always a local energy minimum for any value of imposed xx and would

therefore be metastable for all values of yx . A more realistic description of the transition would

consider the scale of energy uctuations relative to the energy beier to director rotation.

The gradient of this energy landscape with respect to is shown in gure 2.17(a). The contour of
@F_SC;;iC = 0 is plotted gure 2.17(b). The contour plot shows that at a critica | value of 4 there

is a bifurcation point. Points on the top half of the bifurcated curve have minimal values of energy,
whereas points on the bottom have maximal values of energy.
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Figure 2.17: (a) 252 versus , and , for ( ,c) = (0.01,1). (b) Contour of @Bz < =

The director instability is not solely a result of the semi-soft energy term, but again is a result of
the shape of the soft mode, combined with a general semi-soft elasty term. These calculations

are based on an equilibrium model of a SnE elastomer. In practice kinetic terms, such as viscosity
would smooth out the sharp jump demonstrated here.

Scalar Model Describing Stress Discontinuity

The semi-soft behaviour of SmE elastomers is characterised by two deformation modes; before
the onset of director rotation, and afterwards. A scalar model hat exhibits the same behaviour
when stretching perpendicular to the director can be developed bged on representing each of these
deformation modes as a spring, and deforming the two springs in s&s. The total strain is the sum
of two deformation modes corresponding to keeping a xed directo y, and rotating the director
SM

T= Ut su (2.24)

The two modes of deformation have di erent energy penalties, therst arises from a simple uniaxial
deformation, so in a neo-Hookean energy model will result in a freenergy term of the form

Fu= 3K1 3; (2.25)

where K ; corresponds to the shear modulus of the rubber. The second ads from the soft mode,
which has a singular edge in the contraction of the rubber as it is strehed. The zz component in
the soft mode is initially of the form ., =1=(1+( x 1) ) (where here , 1= gv. When
this is put into the neo-Hookean free energy, it results in free engy terms to leading order in gy

of the form

Fsm = 3K2 gy (2.26)

where K, is the corresponding shear modulus for this mode. In the case of ¢hsemi-soft SmE
elastomer, this term arises because of the rapid rotation of the dictor during the start of the soft
mode.

The total free energy is then
Fr = %K( T SM)2+ %Kz SM (227)

where rst spring in this system is hookean, and the second is non-liear, being in nitely sti at
zero strain for 0< < 1, but softening rapidly as strain increases. This should be minimized eer
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sm to determine the distribution of strain between the two springs. It can be solved analytically
for =0:5. The behaviour of this model is illustrated in gure 2.18(a). For small  this system has

a discontinuity in the stress-strain curve, but as is increased the stress-strain response becomes
continuous.
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Figure 2.18: (a) An illustration of a discontinuous stress-strain cuwve for the scalar model described
in the text, (b) the free energy as a function of the variable sy for xed total strain values. Here
Ki1=10 and Ko =1.

The free energy as a function of gy is illustrated in gure 2.18(b). For small values of t there is
only one minimum at syv = 0, corresponding to no strain of the second spring. However, athe
total strain increases, the second mode of deformation becomestivated and there is a minimum
for larger values of sy. Since there is a barrier between the two minima, the transition is rst
order, so there is a jump in the equilibrium value of gy . For larger values of the phase transition
becomes continuous, and the stress-strain curve no longer exliib a jump.

This behaviour is analogous to that of the semi-soft S elastomer as the free energy exhibits
a discontinuity when stretched perpendicular to the director (where the soft mode has a singular
edge). Larger values of correspond to stretching at a larger angle to the director, wherehe soft

mode does not have such a rapid rotation of the director, and a caesponding sharp drop in the

lateral dimension. If the angle between the director and the elongdon direction is large enough,

then the stress-strain response becomes continuous.

E. Elongation at an angle to kg

Stretching at an angle to the initial layer normal is illustrated in gure 2.4(e). The numerical
solution of stress-strain curve associated with this geometry is stwn in 2.19(a).

The stress-strain curve is continuous in this geometry, but again s a pronounced negative slope.
There is a negative IPR of 1.5 that is roughly independent of the semi-soft parameter, see
2.19(b). The rotations of the director and layer normal are shownin gure 2.19(c), with the
accompanying deformations shown in gure 2.20.
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Figure 2.19: (a) The stress-strain response for a semisoft S-elastomer stretched at an angle

= 0:65 radians tok,. The model parameters areB= =60, r = 2, and ¢ = 0.5, and the values
of (;c¢) shown in the gure. (b) The corresponding IPRs for the stressstrain curves. (c) Director
and layer normal reorientation for ( ;¢ ) = (0.05, 1 ).
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Figure 2.20: (a) The diagonal and (b) shear components of the defmation tensor when stretching
at an angle = 0:65 radians tok,, for parameter values of (;B=;c; o;r) =(0.05,60,1 ,0.5,2).

2.3 Discussion

Soft deformations in nematic LCEs are only possible in clamped samplewith the formation of
microstructure. This has been shown by detailed X-ray experimers [78], and by numerical study
[68, 69], and is a result of the non-convex energy of nematic LCEs [J.9The characteristic stress-
strain response of SmA elastomers [19] also exhibits microstructure if the sample is clampeduting
stretching [80]. The clamps required in experimental investigation othe Sm-C samples considered
here would result in microstructure formation, and some changesd the stress-strain response of
the material.

The deformations (b-d) shown in gure 2.4 would not be soft when male with clamped boundary
conditions, even without the semi-soft elastic term. This is becauseno microstructure can be
constructed from the soft deformations that is compatible with the boundary conditions, due to
the shear components in the Smz soft mode [65]. However, the properties of a long sheet of Sm-
C LCE may approximate this behaviour as the centre of the sample cold deform without rigid
boundary conditions. The nal deformation shown in gure 2.4(e) can be performed with clamped
boundary conditions in the soft case. In the semi-soft case the saple starts to shear before the
onset of rotation, which is not compatible with clamped boundaries, ® in experiment it may be
even sti er initially due to this additional constraint on its deformatio n.

The maximum lateral expansion can be deduced from the soft moderpsented in equation 1.10.
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The shear components are transformed, through a rotation, inb an elongation. At = =2 the
maximum b’;\tejxl expansion occurs (in they direction for the geometry considered here), and has
a value of r= .

There is currently no experimental work reporting mechanical tesing on Sm-C monodomains.
Whilst it is anticipated that these monodomains should exhibit soft eladicity, the addition of the
semi-soft elasticity term to the model suggests that any soft e &ts may be dicult to observe
for large semi-soft parameter . When stretching perpendicular to both the layer normal and the
director, the semi-soft term may prevent any stress plateau beig observed, instead only a shoulder
is visible in the stress-strain response.

Imposed Stress

The region of negative slope in the constitutive models reported hex is typically explained by a
Maxwell Construction. Similar behaviour occurs in the Van der Waals gas model which has a
region of negative slope in the pressure-volume curve, where thelis a two phase region consisting
of a mixture of the liquid and gas phases. In solids the two deformatins on either side of the
instability must be compatible to form a mixture [63]. The system should then disproportionate,
adopting a mixture of the two deformations to achieve the externdly imposed strain. The rst
order type phase transition seen in the example stretching perpeticular to the layer normal can
result in hysteretic behaviour as the system jumps from one enesgwell to another. The rate of
the deformation in comparison to the sample relaxation times may alsaesult in hysteresis [81].

The non-monotonic stress-strain curve shown in gure 2.21 is unsble if stress is imposed, as a
spontaneous increase in length occurs once the stress reacheagitical value .. If the deformations
in the two stable regions are compatible, then the critical stress is dtermined by an equal area
construction, i.e. A; = Ao.

0.25 T T ,
Imposed Strain —
0.2 |- Imposed Stress— |

0.15 |- .
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2 01k [/ M |

0.05

1 105 11 115 12 125 13 135
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Figure 2.21: Nominal Stress versus xx, forr =2, and B= =60 and =0.05, for a stretch at an
angle =0:65 radians tokg.

This is because the pointsL and R in gure 2.21 must satisfy,
FL c¢c1t=Fr c¢r =) Fr FL= c(r L)

Fr F_ is the area under the stress-strain curve betweeh. and R. The term (( r L) is
the rectangular area under the stress plateau. For these two tens to be equal the area of the
stress-strain curve above the plateauA;, must equal the area of the stress-strain curve beneath
the plateau, A,, therefore A; = As.

Computationally a xed stress, , can be imposed using the Lagrange multiplier method, i.e.
~ Minimize Fsm c XX

XX 3 Xy s yza o xz o zz D
@Em ¢

_— =0:
@ xx

=)
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Pseudo-monodomains

Although only the deformations of monodomains have been consided here, the results inform
model predictions for polydomains. Polydomains are di cult to model because of the requirement
of ensuring that adjacent domains deform in a compatible way. A simfifying approximation used
to model a polydomain is to assume that it consists of an array of moadomains that deform at the
imposed external strain, but are independent from each other. flthe pseudo-monodomain shown
in gure 1.9 is stretched in the x direction, then the deformation component y, averaged over all
the domains is illustrated in gure 2.22 for 50 domains.

1 T T T T T T T T T
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0.99 - —
0.985
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Figure 2.22: The average value of y, for 50 domains in a pseudo-monodomain illustrated in
gure 1.9 as a function of 4, i.e. stretching perpendicular to n,. All domains are assumed to
experience the same strain and deform independently. Model paraeters are (;B=;c; o;r) =
(0.05,601 ,0.5,2).

This gure shows that there is a negative IPR as the director in eachof the domains jumps causing

them to expand. The curve illustrated here is jagged because thelignment of each domain jumps

at a slightly dierent threshold. The expansion of the Im thickness, and the energy loss as a
result of the jump in the director orientation in this geometry may be observable in experiments

on pseudo-monodomains [15, 39]. Reat al. also observed that a pseudo-monodomain stretched
perpendicular to the director underwent necking when the strain cceeded 30% [39]. The larger
values of deformation reported in experiments before the knee inhe stress-strain curve point to a

much larger value of than in the illustrative plot in gure 2.22.

A similar model for a pseudo-monodomain stretched parallel to the @ector would result in a

sti ness . However in the experiments of Sanchez-Ferreret al. the observed stiness is B

[15]. This might indicate that the domain structure is con ning the ava ilable shears, resulting in a
much sti er response.

The features of the smectic€ model described here would be present in a wide range of models that
have soft modes of nematic elastomers but incorporate the constint on the director to remain at

a xed angle to the layer normal. However, validation of these modelsawait either experimental
work on mechanical testing of SmE monodomains, or theoretical work on pseudo-monodomains
to link up with existing mechanical experiments on pseudo-mododomias.

Biaxial Semi-softness Term

The form of the soft mode results in non-monotonic stress-straircurves for the semi-soft energy
term as well as for generic rubber energies. However biaxial S8- systems might have energy
terms of a di erent form that return the stress-strain curve to monotonicity.

In order to search for these additional terms we can consider theompositional uctuations model
of a biaxial LCE. Although compositional uctuations are an unlikely p hysical explanation of how
semi-softness really occurs the model has been very succesdfatause the energy it predicts is of
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a very general and correct form. The full derivation of the biaxial semi-soft term is included as
Appendix B.

For a biaxial tensor with mean chain anisotropies<r > and <p > the semi-softness term is,
1 h [

1 <p> T <p> Ty T T
Fss < F> s < Tr =| ( 1+ > mymg + 1 > KOKO) _ hn >
! h i
PPRNE SN ! <Tr _ (<r>n_gnd +2kokd) " mm' >

1+ 0P 1+ P = _oNo KoKg) = mm
2 2 | A .
1 1 i

i1 T = < Tr _ (<r>n_gng +2mgmg) _T kk' >; (2.28)

where the initial axes of the biaxial shape tensor are in theng, mg and ko directions.

Thefactors < 1> 1 <ly> —L— and <> 1 are positive.
2 1+ 2 2 1 2

results in a monotonic stress-strain curve.

Only the term weighted by < 1> _1

r <r>

2.4 Conclusion

This numerical study has investigated the mechanical response @ monodomain SmE LCE model,
with the inclusion of a semi-soft elastic term to describe imperfectios in the elastomer. As result
of the negative incremental Poisson's ratio inherent in the soft mo@s of a SmE monodomain,
the mechanical properties of a semi-soft monodomain are unusualVhen stretching perpendicular
to the layer normal and the director, the response is reminiscent ba nematic elastomer. The
layer normal does not reorient in this stretch, and a nite force is required to deform the LCE
and initiate director rotation. However, the stress plateau is less well de ned for larger values of
semi-soft parameter ; it is reduced to a shoulder in the stress-strain response. This is atariance
to the nematic case where the plateau in the stress-strain resp@e remains, even in the limit of
large

When stretching parallel to the layer normal the elastomer again ekibits a threshold to director
rotation. The initial modulus of the stretch is predicted to be the smectic modulusB provided the
tit modulus ' 1 . Once director rotation has started the elastomer has a negativéncremental
Poisson's ratio, and a negative sti ness. The negative sti ness is a ansequence of the Sn@& soft
mode deformations and the form of the semi-softness term. Theotation of the director causes
the sample thickness to expand and then contract. A negative inaemental Poisson's ratio of up to

1.5 has been found for typical model parameters. The lateral expasion arises because the
director rotates in a direction perpendicular to the stretch axis due to the constraint of the layer
normal. This more detailed understanding of monodomain deformatias of Sm<C elastomers might
prove useful in understanding recent mechanical and piezoeledtr experiments on polydomain Sm-
C elastomers.

When stretching perpendicular to the director with the layer normal coplanar, an instability in the
director orientation is predicted. The director jumps from an unrotated state to a rotated state
at a threshold strain. The semi-soft term provides an energy barier to director rotation, so the
threshold strain increases with increasing values of the semi-softgzameter. The jump in director
orientation causes a discontinuity in the stress-strain curve, i.e. alramatic decrease in stress once
the director has rotated. Unfortunately the metastability of the unrotated state in this transition

is not meaningfully predicted by the model, i.e. it is determined to be meastable at any extension.

When stretching parallel to the director the stress-strain respamse is monotonic and the sti ness
is indicative of the rubber modulus . The layer normal rotates away from the stretch axis,
and the director follows due to the constraint of the tilt angle. Unlike the behaviour observed in
nematic elastomers the director is not predicted to align with the stretch axis at large strains.



Chapter 3

Smectic- A Quasi-Convex Energy

This chapter contains a brief introduction to the concepts of conexity, followed by a discus-
sion of the quasi-convexi ed form of the Adams-Warner smecticA energy. The process of quasi-
convexi cation is elucidated by considering the toy case of a 2D smeic-A material, for which the
laminate microstructure can be calculated explicitly.

An additional energy term is introduced to model the e ects of deforming post-buckled smecticA
layers, nite chain-extensibility and entanglements. The quasi-corvexi ed form of the Adams-
Warner energy combined with this additional term forms the basis ofthe numerical calculations
in chapter 5. To improve understanding of this model a few uniform ceformations are considered,
including stretching parallel and perpendicular to the layer normal.

3.1 Types of Convexity

For an elastic medium any equilibrium con guration corresponds to a gationary point of its free
energy; the equilibrium is stable or metastable at a minimum, and unstdle at a maximum. The
general criteria for an elastic medium to always be stable is that its eargy is convex. An energy
surface is convex if the entire surface lies above all tangent plange the surface [82]. In the math-
ematical analysis of microstructure it has proven useful to introdice some alternative conceptions
of convexity. An introduction to these is given here, based on lecttes notes by Stefan Muller [83].

Convex Functions

A scalar function is convex if the line segment drawn between two aritrary points on the energy
surface,A and B, always lies level with or above the energy surface, as illustrated ingure 3.1.

W(B)

W (x) e

W(A)

Figure 3.1: The solid curve is a convex functionW (x). The dotted line shows a line segment
between two points, A and B. For a convex function the line segment always lies level with or
above the energy surface for any choice & and B.

50
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The x-coordinate of points betweenx = A to x = B can be parameterised by , where 0< < 1.
The height of the energy surface for a given value isW(A +(1 )B), whereas the height of
the line segment is W (A) + (1 )W (B). Using these results the de nition of convexity can be
restated;

A scalar function W (x) is convex if,

W(A +(1 )B) WA+ YW(B) (3.1)
8A;B and 0< < 1:

This scalar de nition of convexity can be extended to the case of fauctions depending on matrices.
For the case of a matrix, F, having m n components, i.e.E 2 M™ ", then a function W (E) is

convex if,
W(A+(1 )B) W@+@Q )HW(B) (3.2)
M

8A;B2M™ "and0< < L

Polyconvex Functions

The concept of polyconvexity arises as a generalisation of conveyit A function W (E) is polyconvex
if it can be written as a convex function of the minors of E,

W(E) = Weonvex (M_(E)); (3.3)

where Weonvex is @ convex function and the vectorM (E) contains the minors of E as its ele-

ments. Polyconvexity is a weaker condition than convexity; convety =)  polyconvexity, but
polyconvexity =§ convexity.

Quasi-convex Functions

A function is quasi-convex if spatial variations in E. do not result in a more optimally minimized
energy. In elastic solids, where the energy is a function of the defmation gradient E, the con-

dition of quasi-convexity corresponds to stability against microstructure formation, as only a ne
deformations are energy minimizers. A material energyW/ (E) is quasi-convex if

Z Z
W (E)dx W(E + r y(x))dx 8y;

provided the integral on the right hand side exists. Ther y(x) term is a spatial gradient included
in the deformation. The displacementy(x) must be su ciently smooth to have a well-de ned rst
derivative on region . The overall deformation must still satisfy an y boundary conditions speci ed
on region .

For an energy function that is not quasi-convex it is possible to consuct the quasi-convexied
form of the energy by minimising it over all microstructures that respect boundary conditions.
This requires the displacement term,y(x), be zero on the region boundary,@. The quasi-convex
envelope of an energyV (E) is given by

z
1

Wqc(E) = in;‘/ i W(E +r y(x))dx :y(x)=0 on @ : (3.4

Quasi-convexity is of central importance to microstructure formation, but unfortunately it is very
di cult to determine the quasi-convexity of arbitrary functions. T he condition of quasi-convexity
is weaker than that of polyconvexity; polyconvexity =) quasi-convexity, but quasiconvexity =§
polyconvexity.
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Rank-one Convex Functions

A simple laminate consists of alternating bands of two di erent deformation gradients, A and B,
as illustrated in gure 3.2.

E=8B

. E=A
-

E=B

f. E=a

Figure 3.2: lllustration of a simple laminate, composed in equal-parts bdeformations A and B.
The vectors, _ and _, are normal and parallel to the laminate interfaces respectively.

In order to maintain the continuity of material along interfaces the deformations must satisfy,
é = Q s (35)

where_ is a vector parallel to the laminate interfaces. To satisfy this condiion the two deformations
must be rank-one connected, and so can be written as,

B A=a _; (3.6)

where _is a vector normal to the laminate interfaces.
A function is rank-one convex if it is convex along line segments conrging two matrices A and B
that are themselves rank-one connected, i.eW (E) is rank-one convex if

WA +(1 )B) W@+ )W(B) (3.7)
8A;B2M™ "withrank(B A)=land0< < I

Rank-one convexity is a weaker condition than quasi-convexity; gasi-convexity =) rank-one convexity.
For a matrix F 2 M™ " then it is known that rank-one convexity =§ quasi-convexity for the

casem 2andn 3[84].

3.2 Smectic- A Monodomain Model

The Adams-Warner model of smecticA elastomer has nematic and smectic contributions [23],
h i 2
. 1 d
Tt B — 1 ;
A

FsmecticcA = 5 Tr _ o _ _ 5 (3.8)
2 z } £
F smectic

F nematic

where is the rubber shear modulus,B is the smectic modulus and% is the change in the layer

spacing. The initial polymer step length tensor, for a polymer anisotopy of r in the n, direction,
iso=_+(r 1)ngnl. The target state step length tensoris_ *= _+(% 1)nnT.

The Adams-Warner model takes the layers to deform like embeddeglanes, which constrains the
layer normal and layer spacing so that,

cof_ ng

n= : (3.9

jeof _ ngj
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d 1
&~ jeor_ nol 10

where the deformation gradient,_, has the smecticA state as its reference state, and_ is volume
conserving, i.e. det_=1.

The Adams-Warner energy can be rewritten using the high-tempeature isotropic state as the
reference con guration. The deformations relative to this refelence state are given byE,

E=_ Lor % (3.11)

The deformation E corresponds to taking the high-temperature isotropic sample, coling it to

the smecticA state, and then performing the deformation, _, in the smectic state. Upon cooling
to the smectic-A state a volume conserving deformation, o*=?r 16, spontaneously occurs. The
Adams-Warner energy written in terms of E was shown in reference [80] to be,

0 . .1
1=3 @ h T! 2 q - A
r r E E' +Kkq m 1 ; (3.12)

NI =

Fsmectic- A =

where the constantsg and k are given by,

q=r ¥ 1+ 5@ (3.13)
B

Experimentally the layers are much sti er than the rubber, i.e. k 1, sojcof E nyj g should
always hold. The squared term in (3.12) can therefore be expandearound (jcof E nyj @) yielding,

h i
1P T E ET +K(cofE nol %)+ O(cofE noj ° ;  (3.15)

Fsmectic- A =

NI =

Approximating the Adams-Warner energy by keeping only the leadingorder term, and dividing
through by % r 173 gives the dimensionless energy,

h i
W(E)=Tr E ET +K(jcofE ngj o* (3.16)

3.3 Smectic- A Quasi-Convexi cation in 2D

The quasi-convex envelope of an energy is the minimization of the engy over all possible mi-
crostructures, assuming that microstructure become in nitely ne. A simple example of quasi-
convexi cation can be given for the 2D smecticA energy. Taking equation (3.16) and settingg = 1
yields the 3D smecticA energy as

8
2 jEj?+ k(jcof E ngj 1) ifdetE=1

W(E) = S (3.17)
) 1 else.

The 2D smecticA energy can found by restricting E to the form,
0 1

0
F=@ 0 A ;whereG =

0 01

I®

Fiu Fo

3.18
Far Fo ( )
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The direction n, can be taken ase; without a loss of generality, so thejcof E. ng,j term becomes,

jcofEej=jEe, Ee&j=]Ee &= |Gej (3.19)
The term jEj? in (3.17) can be expanded out,
JEJ? = JE&j* + JE&j* + JE&)° = [Gej’ + [G e +1: (3.20)

Substituting (3.20) and (3.19) into (3.17) and neglecting the constant term yields the 2D smectic-A
energy,
Wap (G) = jGeij” + G &’ + k(iG e 1) (3.21)

Constructing the Quasi-Convex Envelope of the 2D Smectic- A Energy

It is useful to consider the convexity of the di erent parts of the 2D smecticA energy,

Wap (G) = G &yj’ + G e® + k(iGe&i 1) (3.22)
|{z-} | {z }
convex (JG &,]); non-convex

where (jGe,j) = jGej” + k(iGei 1)*

The term, jGe,j?, is a convex function. Whereas the term, (jGe,j), is not a convex function.
The global minimum of (jG &,j) is & which occurs at deformations satisfyingjG e,j = ﬁ as
shown in gure 3.3.

70 [ [ I(_G )

16&)) —
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Energy
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Figure 3.3: The function, (jGe,j), and its quasi-convex envelope, q(jG&,j), are shown for

k =60. has a minimum located atjGe,j = % with an energy of ﬁ The function, ¢, lies

. . . . k —- k
lower than in the region jG &,j < i Where ¢ = =1

If the deformation, G, is taken to be upper-triangular and incompressible, i.e.

0 1
Gi1 Go
G= @ 1A, (3.23)
=2 0 -
G11

then the energy landscape of (jG e,j) has the double-well form shown in gure 3.4.
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O =N W Ot

Figure 3.4: The function (jGe,j) versus Gi; and Gi2, for k = 60. The dotted green line is a
contour line of the global minimum  (jG e)j) = % which corresponds tojG e,j = %

The region of gure 3.4 enclosed by the dotted green-line correspuls to jGe,j < % Within

this region the formation of a simple laminate microstructure is energtically favourable. This

microstructure attens the energy in this region to a constant value of % see gure 3.5.

O DN W Ot

Figure 3.5: The quasi-convex envelope, qc(jG &,j), versus Gi1 and Gy, for k = 60.

An expression for the quasi-convex envelope &/2p (G) can be found by minimizing the energy over

a rst order laminate microstucture consisting of two oppositely sheared regions. The deformations
in the positively and negatively sheared regions are given by,

G =G(L+s g &) (3.24)
The deformations, G+ and G , are rank-one connected as,
G: G =(s+ s )G &) &, (3.25)

has the same form as equation (3.6), with the normal to the laminateinterface beinge,.
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The proportion of the microstructure composed of the positively sieared deformation is denoted
, where 0< < 1, and the remaining (1 ) is negatively sheared. The average deformation in
the microstructure must correspond to the imposed macroscopideformation, which implies that,

G.+(1 )G =6 (3.26)

The 2D smecticA energy for the deformationG is,
Wap (G )= G &i*+]G &i*+ k(G & 1)% (3.27)
The terms jG e;j and jG e,j simplify as follows,
G &j=iG(L+s & &)e&j=jGej; (3.28)
G &i=jG(L+s & &)gj=iGe+s Gej: (3.29)
Substituting (3.28) and (3.29) into (3.27) yields the energy,
Wap (G )= iGej’+Ge,+s Gej’+k(iGe,+s Gej 1)% (3.30)
The non-convex part of equation (3.30) can be rewritten by substuting t = jGe, + s Gegj,
(t)= t2+ k(t  1)% (3.31)

The value oft is set such that the energy (t) is minimized, which corresponds to

t= T (3.32)
or equivalently,
2
Ge+s Gej’= o (3.33)
This is simply a quadratic equation fors. ands |,
2
S iGei’+2s (Ge) (Ge)*iGei’ = 7 (334)
with solutions,
r
2
2Ge Ge,  4Ge Ge)? 4Ge2(iG&i? iy )
s = JGe : (3.35)
The expression for the quasi-convex envelope &¥,p (G) is,
8
2 jGej?+ qfiGeyj) ifdetG=1
Wee(Q) = (3.36)
' 1 else
8 k
5 iGej?+ k(jGe,j 1)? jGej ] Anisotropic Solid
where oc(jG &j) =
3 k iG &) k Unidirectional Bucklin
' k+1 128l 5 g

(3.37)

The energy has two phases; a phase without microstructure wherthe material behaves like an
anisotropic solid, and a phase of simple laminates corresponding to ugtirectionally buckled layers.
In gure 3.5 the two phases are separated by the dotted green linewith the at region corresponding
to unidirectional buckling.



CHAPTER 3. SMECTIC- A QUASI-CONVEX ENERGY 57

Laminates in 2D

The proportion of positively sheared laminates, , within the microstructure is found by rearrange-

ment of equation (3.26), s

S+ S

: (3.38)

where s, and s are related to the laminate deformations byG = G(L+ s e &). The
knowledge ofG allows the microstructure to be reconstructed, however the abslute length-scale
of the microstructure is not accessible from this analysis.

The microstructure formed when stretching parallel to the director is illustrated in gure 3.6, where
the uniaxial deformation takes the form,
0

= 5 = (3.39)

(@)

When stretching parallel to the director there is initially a threshold t o microstructure formation.

Above the threshold solutions for the shear components ( ) appear; these solutions are equal in

magnitude but opposite in sign, so the laminate pairs appear in equal pportions, i.e. = %

Figure 3.6: Laminate microstructure for = 1:4 parallel to n,. The shears ares, = 0:466 and
s = 0466, yielding = 0:5. Hence positively sheared laminates (green) Il the same area as
negatively sheared laminates (red). The empty rectangle shows #nundeformed sample size.

When stretching at an angle to the director there is initially a threshold to microstructure formation.

The shear componentss ( ), are in general no longer equal and opposite, so is a function of
strain. The case of stretching at 20 to n, is illustrated in gure 3.7. Note that the laminate

interfaces rotate with strain, and are not in general along then, direction.

Figure 3.7: Laminate microstructure for = 1:4 at 20 to ny. The shears ares, = 0:199 and
s = 0:720, yielding =0:783. Hence positively sheared laminates (green) Il greater areahan
negatively sheared laminates (red).
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3.4 Smectic- A Quasi-Convex Energy in 3D

Constructing the quasi-convex envelope in three dimensions is a mercomplicated task, as higher
order laminates are required not just simple laminates. An analytic exression for the quasiconvex
envelope of equation (3.16) was derived by Adams, Conti, DeSimone &olzmann in reference [80].
The results of this paper are summarised here.

It is useful to introduce the largest singular value of E. denoted by max (E). The singular values
of E are the square-roots of the eigenvalues cﬁ , l.e.

n 0
max (E)=sup JE e:e2R%jg=1 : (3.40)

The expression forWq.(E) can be written in terms of two convex functions of E,

b= mx(E P)? (3.41)
d= jcofE nyj; (3.42)
where the matrix P = _  nyn{ projects out the n, component.
The functions, b and d, have important physical interpretations. For example taking no = x and a
deformation of the form, 0 1
1 0 O
E=@0 , 0A; (3.43)
0 O 3

results ind = 1= ; and bis the square of the largest of , and 3, i.e. the deformation component
parallel to n, is 1=d and the square of the largest deformation perpendicular ta, is b.

The expression forWy(E) is

8
2 JE npj?+f(b;g ifdetE=1

Woe(E) = (3.44)
. 1 else
s kgb
& : q isotropic Soli
b+ + k(d q) d ] Anisotropic Solid
1
b g =
wheref (b; d) = and Unidirectional Buckling (3.45)
qb+ 1 kqb
kb+1
1 e .
b ¢ " Bidirectional Buckling

The energy has three phases; a phase without microstructure (asotropic solid), a phase of simple
laminates (unidirectionally buckled layers) and a phase of higher ordelaminates (bidirectionally
buckled layers). The higher order laminates consist of mixtures of mltiple simple laminate pairings,
which causes the layers to buckle in more than one direction.

Wqc(E) is a coarse grained model energy of a smectig-elastomer that takes into account the for-

mation of microstructure, without resolving the ne-scale oscillations in the deformation gradient.
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Equilibrium

To compare with experimental results it is convenient to work with deformations relative to the
low temperature equilibrium smectic-A state. The system undergoes a volume conserving uniaxial
deformation as it is cooled from the isotropic state to the smectic sate. This uniaxial deformation
along the layer normal minimizes the total free energyWq.(E). Taking n, = x the uniaxial
deformation is, 0 1
=3 0 O
Fo=@ 0 o 0 A: (3.46)
0 0 o

Substituting this into equation (3.44) and minimising with respectto ¢ yields the equation,

d
ae k(3 g2+2 3+ ,* =0: (3.47)

The value of ( found by solving (3.47) can be used to convert deformations to sta from the
smectic-A state as follows

Im

il

0 (3.48)

Here E is a deformation de ned with respect to the high-temperature isotropic state, and _ is a
deformation de ned with respect to the smectic-A state, see gure 3.8

Isotropic State SmecticA State Target State

Figure 3.8: The deformationE transforms directly between the isotropic state and the target sate.
This is equivalent to performing Eo, which transforms the isotropic state to the smecticA state,
followed by _, which is a deformation starting from the smecticA state.

Substituting this transformation back into the free energy the terms b and d are scaled by 02,
and the term jE. n,j? is scaled by ,*. It is useful to de ne the scaled quantities

to describeb and d transformed to the smecticA reference state. The total free energy with respect
to the smectic-A state is

Wae(D = 0% noi?+ f( 3m; Za: (3.51)

The phase diagram of the quasiconvex free energy is illustrated in gre 3.9.

The region with & > b is inaccessible due to the incompressibility constraint. In the anisotopic
solid (AS) phase the quasiconvex free energy and the microscopiee energy are the same. The
energy is not lowered by the formation of microstructure, and the layers in the smectic do not
buckle. Hence the small angle X-ray scattering pattern should she just one orientation of the
layer normal. In the unidirectional buckling (UB) phase the energy is minimized by the formation
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Figure 3.9: The phase diagram of the smecti& LCE quasiconvex energy indicating the anisotropic
solid (AS), unidirectional buckling (UB) and bidirectional buckling (BB ) phases. The phase of
the deformation is determined by b and d given in equations (3.49) and (3.50). The smecticA
equilibrium point is marked by a black circle.

of a simple laminate [80]. There are two deformation gradients_» and _g that are rank one

connected, and whose suitably weighted average produces the grascopic deformation. The small
angle X-ray scattering pattern should contain two orientations of the layer normal corresponding
to the regions of _a and _g. There should be no reduction in X-ray scattering intensity if the

beam is normal to the plane in which the laminate forms.

In the bidirectional buckling (BB) phase there is no simple laminate that can achieve the optimal
energy. A higher order laminate must be formed [80], which contains maverage of several di erent
deformation gradients. Physically buckling of the smectic layers in moe than one direction is
possible, and it is expected that the small angle X-ray scattering pdern will show a loss of
intensity, indicating that some smectic layers are rotated out of the scattering plane.

3.5 Smectic layer buckling, nite extensibility and entang lements

The quasi-convex free energy of equation (3.44) is formulated orhe assumption that an in nitely
ne microstructure can be formed at no energy cost. In practiceterms involving gradients of the
deformation, arising through the Frank elastic cost of gradients inthe director will give rise to an
interfacial energy cost. Deformations perpendicular to the layernormal will distort the buckled
layers changing the interfacial energy.

The Adams-Warner model also makes the assumption of a Gaussiarhpntom chain network model,
which neglects e ects such as the nite extensibility of polymer chains, and chain entanglements.
Several theoretical approaches have been developed to bettdescribe bulk rubber under the in-
uence of these e ects [85, 86].

ch is independent oftiand d'in the BB phase, which means there is no energy penalty for deformin
the bidirectionally buckled layers in directions perpendicular to n,. Consequently the model does
not reproduce the Poisson's ratios of %; %) that occur post-buckling when stretching parallel to
ny. The Poisson's ratio of (%; %) were observed experimentally by Nishikawaet al. [19], and can
be observed in gure 1.11. Motivated by the above theoretical cosiderations, and to recover the
experimentally observed Poisson's ratio an additional (convex) tem will be included in the model.
This term physical relates to the non-Gaussian nature of the polyner chains, and the deformation
of the buckled layers. The magnitude of this additional term arising fom deforming the buckled
layers can be estimated through dimensional analysis.
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Mooney-Rivlin Term

To account for non-Gaussian e ects, the deformation of buckledlayers, and recover the experi-
mentally observed Poisson's ratios in a simple way, a Mooney-Rivlin typdgerm will be included in

the energy. This Mooney-Rivlin term is proportional to the second invariant of the Cauchy-Green
strain tensorC = _T _ [87, 88],

ur O = sour (TSP THC CD): (3.52)

Note that the Mooney-Rivlin model for bulk rubber is overly simplistic in assuming that the
derivatives of the energy with respect to the rst and second invaiants (denoted A; and A;
respectively), % and %, are constants. The model does not realistically describe the uniaal
or biaxial stretching of even isotropic rubbers [85, 89, 90]. Consegpntly the values of coe cients
tted to experiments are likely to be only approximate.

The total free energy is

Wtot = ch + WMR ; (3.53)

which is an altogether polyconvex function as both terms are individwally polyconvex [91]. It can

be shown by constructing a one-dimensional example that the quasonvex envelope of the sum
of two functions is not in general equal to the sum of their quasicowex envelopes. If we were to
add the Mooney-Rivlin term to the nonconvex free energy of equabn (3.16) then the quasiconvex
envelope of their sum di ers from W, in equation (3.53). The small shift in the energy wells will

not alter the qualitative features of the numerical results here, ® we will neglect this change.

The terms WMR and ch are both minimal at _ = _, so the equilibrium point of thot is located
at _ = _, as desired. The termWMR acts to equalise the Poisson's ratios, which can be seen by
substituting the deformation 0 1
1 0 O
_= @o 0A (3.54)
0 o %

into equation (3.52) yielding the following

Wur (O =30ur +4omr ( 1)2+0O( 1)% (3.55)

This expression is minimized when the deformations in the two transvese directions are equal.

Note that this additional term a ects all the phases, not just the BB phase. However it is not the
dominant free energy term in the AS and UB phases, so does not altehe physics of the model
there.

Estimating the coe cient of the Mooney-Rivlin term

The sti ness associated with changing the buckling wavelength of tle layers can be estimated by
using a similar calculation to that of Ref.[56] by Finkelmann et al..

Consider the free energy of a single interface between two region$ opposite shear. Takingny = x
then the deformation gradient tensor in the two regions is of the fom,

0 1
XX O Xz

_=@ 0 L 0 A: (3.56)
0 0 22

Using equations (3.9) and (3.10) this deformation results in the folloving expression for the layer
spacing and director orientation

4. = (3.57)
dO 2 4 2
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n = p %;O; p % : (3.58)
XX + Xz XX + Xz
The orientation of the layer normal can be written asn = (cos ; 0;sin ), where tan = 2= 77

Substituting these expressions into the Adams-Warner energy oéquation (3.8) gives

1 . B
f=1 2+ + 2 tan? +(cos? +rsin® ) 2 + —( wcos 1) : (3.59)

zz ' T2 2

ZZ XX

This equation can be minimized over 2,, resulting in 2, = cos = . Substituting this back into
the free energy reduces it to

2

. B
+ 2(cog +rsin® )+ —( «wcos 1) : (3.60)
Ccos
XX

Pz}

Expanding for small up to quartic order, corresponding to small rotations of the layer normal,
produces the following expression

f= % Po P2 2+ %p4 4 (3.61)
2 B
po = + 2+ —(x 17 (3.62)
XX
1 B
p2 = + A0 D+ —(i  x) (3.63)
XX
1B
pa= 7= w(@ w1+ 2 +(1 r) 2 (3.64)
XX

In addition to the rubber elastic energy, calculation of the interface energy requires a Frank elastic
energy. For simplicity the one constant approximation can be madej.e. splay, twist and bend are
penalized by the same constant. For the sample shown in gure 3.10fsizeLy Ly L, the total

free energy is

Z |,
F = LgLy dz 2 po p2 2+ 3ps * + 3K @ (3.65)
0
It is convenient to convert distance to a dimensionless quantity usig = K and to denote
t = z=. The free energy becomes
s ?Z )
F=LsLy — dt % Po p22+%p44 +%—2 ; (3.66)

0

whereL, = L . Minimizing this integral produces the following Euler-Lagrange equdion

‘= p +ipe ¥ (3.67)

Far away from the interface the director is in the energy minimum whee

2o 2= M. (3.68)

2ps

The rst integral of the Euler-Lagrange equation is given by

2

= P2 2+ gpa f+ip2 § EPa o (3.69)

N[~
ol

The rst integral can be used to substitute for the —term in the free energy. Subtracting from F
the free energy of the uniform state with = g gives the free energy of the interface,

p Z1
Fiw = LgLy K dt p(? H+ 3pa( D)
0
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3=2
= PP (3.70)
P4

The wavelength of the layer buckling, and hence the sti ness of thebuckled layers can be estimated
as follows. The sample can be divided into three regions, as shown in wge 3.10.

hL hLy
nd (1 2h)Ly -

Figure 3.10: To estimate the length scale of the layer buckling it is assmed that the sample divides
into three regions as shown. The end regions do not contain bucklethyers, whereas the central
region does.

The end regions near the clamps are too constrained to buckle, s@muotain layers with a xed layer
normal (= 0), and hence have free energy density

Fu=F = = Epo( 1); (3.71)

where ; is the zz component of the deformation in this region. The central region catains smectic
layers with tilt angle o, so has free energy density

_ _ 3p2( 2)* .
FR—F=0_§ Po( 2) 8 pa o) (3.72)

where » is the xx component of the deformation in this region. If the end regions aref order hL 4
which in turn is comparable to the wavelength of the layer buckling, then the number of interfaces
in the bulk is —==. Since the elongation of the sample is performed by imposing a stress that

AL
does work in extending the sample, the total free energy of the stem is
3pa( 2)°
Fr=(1 2h)= = V + h V g
T Mg w2 g pol 1) (3.73)
(h 1+(L 20) DV + Fi =2
hL
whereV = LyLyL7 is the volume of the sample.
Minimising Ft over h yields the following optimal value,
L 1
h 2= Fiy - i/ RS : (3.74)
X izt (2 )+ (p( 1) Po( 2)

To estimate the sti ness corresponding to changing the buckling waelength it is useful to denote
h = h . Substituting this into equation (3.73) and taking the second derivaive with respect to
yields the sti ness of the sample associated with changing the bucklig wavelength,

1 @Fr Fint
Y = — = : e
2 @2 _, VhlLy (3.75)
Assuming that B sothat 1 1, simplies the result to,
) K 1
Y B ——f(); 3.76
5O (3.76)
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wheref () is a function of the deformation applied.
As expected the buckled layer modulus goes to zero wheld = 0.

The sti ness given in equation (3.76) provides an estimate of the magitude of cyr . It must be
divided by % r 173 to render it in the same dimensionless units as the smectié- energy, i.e.

Sf_—

w| =}

1
O (3.77)

Alternative Terms

Many possible energy terms, which act to equalise the Poisson's ratjowere considered before
arriving at the Mooney-Rivlin term. The additional term should not ch ange the equilibrium point
of the model, which rules out simply adding a small multiple oft. Also the additional term should
only be signi cant within the BB phase, which rules out terms involving higher powers oft .

It is often helpful, when a system has a single anisotropy directiom,, to write the energies in
terms of the invariants of the Cauchy-Green strain tensorC = _T _,

A; =T C] (3.78)
Az = 3(M[CP TC <) (3.79)
As =det[C] (3.80)
Ay=ny C ng (3.81)
As=n, C C ng (3.82)

The parameters,b and d; can also be rewritten in terms of the invariants. This is done by putting
a general form ofC into the de nitions of the B, d and the invariants; substitution then yields,

A1 As+t+ P (A]_ + A4)2 4(A2 + A5)
D 2
a= A+ As  AiAs (384)

b= (3.83)

The term, (A1 + A4)?>  4(A2 + As), which is contained within the square root term of B, acts to
penalise unequal Poisson's ratios, and may seem a good choice foethdditional term. However it
does not satisfy the requirement of being polyconvex given the catraint of incompressibility. It
is quite di cult to nd functions that satisfy this condition, as polyco nvex terms can become non-
convex when restricted to incompressible deformations, e.gA4 + 25 is polyconvex, but graphical
plotting shows that it is no longer polyconvex under the constraint of incompressibility.

A function can be proven to be polyconvex by evaluating the secondlerivatives of the function,
and showing that the function always has a positive curvature [91]. his can be performed for the
Mooney-Rivlin term by writing it as a function of principal elongations,

Wur = Jowr (1 2+ 13+ 2 3): (3.85)

The incompressibility constraint can be expressed as,

12 3=1: (3.86)

Substituting the constraint into the Mooney-Rivlin term gives,

1 1
vk = Lour (—3+ —2+ 2 3): (3.87)
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The second derivatives of the Mooney-Rivlin term are,

@WMR - CMR . @WMR - CMR . @WMR
@3 5 @3 53 @.@3

which are all positive provided that cyr ; 2; 3> 0.

= %CMR ; (3.88)

3.6 Uniform Deformations of the Smectic- A model
In order to increase understanding of the energnymt it is useful to consider a few uniform de-

formations. Throughout this section the layer normal is taken to be initially aligned with the x
direction, i.e. ny = X.

Elongation parallel to the layer normal

An elongation parallel to the layer normal is described by

0 1
0 o0

«=@ L 0A; (3.89)
0 0 -2

where the parameter determines the Poisson's ratio of the deformation. A value of = % gives
isotropic behaviour in the directions perpendicular to then,. A value of =1 gives the anisotropic
Poisson's ratios of (% 0).

11
_7?
1 — >
0.9
d_0.8—
0.7 >
| |

| |
07 08 09 1 11 12 13

o]
Figure 3.11: Paths traversed inb and @ on stretching parallel to ny with = % (short dashed-line)
and = 1 (long dashed-line). The deformations_» (solid-line) and _» (dotted-line) are both

stretching perpendicular to n,, with the latter performed after an initial parallel stretch.

Figure 3.11 shows that when stretching parallel ton, with = % (labelled _y.;-,) the elastomer

deformation follows the line b= @& The system crosses from the AS to BB phase at the threshold
strain,

n= 3a 1=K - (3.90)
By contrast when stretching parallel to ny with =1 (labelled _y.; in gure 3.11) the deformation
follows the line of constantt . The system crosses from AS to UB phase, at = (1 + k 3)=kgq

The nominal stress denoted y , and measured in units of% r 173 can be calculated by di erentiating
the scaled free energyiV,; with respect to . The nominal stress shows a dramatic reduction
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when the elastomer crosses into the microstructured phases BBrdJB. For example on the = %
trajectory the elastic modulus when the deformation begins is
s 4
k—+ — +6Cur: (3.92)
th 0
This is dominated by the smectic layer modulus encoded irk 1. After the threshold at  the
modulus drops to

2 6
2 v S (3.92)
0 th

i.e. it is reduced by a factor of approximatelyk, as illustrated in gure 3.12.
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Figure 3.12: The nominal stress y as a function of deformation for deformations parallel to n,
with = %, and perpendicular to n,.

Elongation perpendicular to the layer normal

An elongation perpendicular to the layer normal, n,, with Poisson's ratios of (1; 0), is described by

0 1
1.0 0

_» =@ 0A : (3.93)
001

The trajectory of this deformation is along a line of constant d; as shown in gure 3.11 (labelled
_» ). The elastic modulus in this case is,

8 5+8CuR : (3.94)
The nominal stress y for this geometry is illustrated in gure 3.12. There is no threshold in
stress-strain curve, and no microstructure forms in this defornation geometry.
Two step deformation

A two stage deformation process rst stretching parallel to the director by a factor of ;, and
then perpendicular to it by a factor », de ned in equation (3.95), can be used to experimentally
determine the constantcyr .

0 10 1
1 0 O 1 O 0
,=@ , 0A:@0 »- O0A; (3.95)
0o 0 L 0 0 &=
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The trajectory of this deformation is illustrated in gure 3.11. The rst stage follows_y.1->, and
the second stage is labelled,. The rst stage of deformation proceeds the system moves along

the line b= d; thus crossing from the AS to BB phase. During the second deforation stage the

system moves along a line of constandl; crossing from the BB to UB phase. The nominal stress
during the second stage is shown in gure 3.13. Iicyr is zero then the deformation is perfectly
soft within the BB phase. This is an intrinsic property of \CNqc which is altered by the addition

of Wur . Physically this re ects the fact that there is an energetic cost to deform buckled layers,
which rules out perfectly soft deformation.

1.2 : | | | |
CMR - O:O - '~»o
1 i CMR 201 - {.o‘ —
cur =0:2 -- e
0.8 - ]
z 06
0.4
0.2
0 -:.'.:__I-...-------I--

1 1.05 11 1.15 12 1.25 13

Figure 3.13: Nominal stress as a function of deformation , during the two stage deformation. The
rst stage is a deformation parallel to ny of 1 =1:4, followed by the perpendicular elongation .

At the start of the , deformation the elastic modulus is given by,
8cur 1, (3.96)

i.e. it is entirely due to the additional Mooney-Rivlin type term, so can be used to experimentally
measure this additional constant. Once the trajectory of the déormation enters the UB phase the

sti ness increases to
8q+8=(qk®) 16=k+8cwr 1: (3.97)

Elongation at an angle to the layer normal

Elongation of the elastomer at an angle to the layer normal can be represented by the deformation

0 1 0 1
0 O cos 0 sin
_ =@ & 0A @0 1 0 A: (3.98)
0 0 sL sin 0 cos

Two trajectories for this type of deformation are shown on the ptase diagram in gure 3.14 for
=0:3 and 04 radians.

Elongation at an angle to the layer normal results in a rapid rotation of the layer normal away
from the stretch axis. The lowest free energy of the system for layer rotation angles is in the UB
phase, as illustrated by the trajectory of the deformation.
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Figure 3.14: The trajectories on the phase diagram for elongationat an angle of = 0:3 radians
(solid line) and = 0:4 radians (dashed line) ton,. The maximum deformation shown in each case
corresponds to =2:5.

3.7 Summary

In this chapter we introduced the concept of quasi-convexity. A finction is quasi-convex if spatial

variations in the deformation do not result in a more optimally minimized energy. The quasi-

convex envelope of an energy can be found by minimizing it over all pasthle microstructures,

assuming that the microstructure can form in nitely nely. An exam ple of this process was given
for the simple case of a 2D smecti& energy, where the laminate microstructure can be calculated
explicitly.

The quasi-convexi ed form of the Adams-Warner smecticA energy was derived by Adams, Conti,
DeSimone & Dolzmann in reference [80]. This energy is divided into thre@hases. In the phase
where no microstructure forms the layers are unbuckled, and thenaterial behaves like an asym-
metric solid (AS). In the phase with simple laminate microstructure the layers are unidirectionally
buckled (UB), and in the phase with higher order microstructure the layers are bidirectionally
buckled (BB).

When stretching parallel to n, the experimentally observed Poisson's ratios post-buckling are—;(; %).
Unfortunately the quasi-convexi ed energy has no energy penait for deforming bidirectionally
buckled layers in directions perpendicular ton,, so the model fails to reproduce the experimental
Poisson's ratio. An additional energy term is required to model the @formation of post-buckled
smectic-A layers, as well as the non-Gaussian nature of polymer chains. Hea@a Mooney-Rivlin
type term is included in the model. This term is added to all regions of tre energy, but only
signi cantly in uences behaviour within the BB region. A Mooney-Rivlin term added to the
quasi-convexi ed form of the Adams-Warner energy is an altogetler polyconvex function, which is
used as a nite element material model in chapter 5.



Chapter 4

Review of Finite Element Models of LCE

This chapter contains a short introduction to the methodology of nite element modelling, and
its mathematical foundations. A one dimensional example of nite elenent analysis is given, and
its generalisation to the three dimensional case is described. Therie then a literature review of
previous nite element work studying soft and semi-soft nematic elatomers. A numerical study of
smectic-A elastomer is undertaken in chapter 5.

4.1 Introduction to the Finite Element Method

The nite element method is a numerical method for nding approximate solutions to system of
di erential equations with speci ed boundary conditions. The meth od subdivides the continuous
geometries of complex objects into a discrete mesh. The method bayained widespread engineering
usage, with applications to elds such as structural mechanics, hat ow, electrostatics and uid
mechanics.

The static deformation of an elastic solid can be solved using nite elerant analysis. Typically a
set of steps are performed;

A computer model of the solid geometry is created, then subdividednto a mesh of elements.
Boundary conditions are speci ed as displacement constraints on mdes or surfaces.

A constitutive equation for the material stress-strain behaviour is speci ed.

A scheme to control the size of intermediate steps must be chosen

When the job is run a numerical solver nds solutions to a system of érce balance equations.

The nal solution corresponds to force equilibrium existing at every node (within a speci ed tol-
erance).

Mathematical Foundation of the Finite Element Method

We now give a 1D example of the nite element method in solving a secondrder di erential
equations of the form

d du(x)

— X)———= + r(x)u(x) = f (x); 4.1

G PG+ r0ou) = T (x); (4.1)
where the variable x parameterises the position in one-dimensional space [92]. The domaaf the
problem is restricted to the regiona < x <b . The physical interpretation of u(x) is dependent on
the nature of problem. In the case of heat conductioru(x) represents temperature and in the case
of elasticity it represents displacement. Boundary conditions are ypically enforced at the ends of
a nite element domain, e.g. u(a) = A and u(b) = B. Physically such conditions might correspond
to an imposed displacement or temperature.

69
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A boundary condition of the form u(a) = A is termed a Dirichlet condition. A condition on the
rst derivative is termed a Neumann condition, e.g. an imposed heat ow ‘j—ﬁjx:a = A. Commonly
a mixture of these boundary conditions apply in nite element problems.

An elastic cylinder deformed axisymmetrically can be modelled as probla of 1D elasticity. If the
cylinder has cross-sectional ared (x) and is subject to an external axial force per unit lengthf (x),
then balance of forces gives

d - :
ax  CAG)) = T (x): (4.2)

The constitutive relation for a Hookean elastic material takes the brm (x) = E (x), where (x) is
stress, (X) is strain and E is the modulus. The strain can be written as the gradiet of displacement
= g—i which yields a second order equation

dx dx

ed AU p 0y =1 (4.3)

The domain is then divided up into a nite number of elements, see gure 4.1. Only displacements
at the nodes are recorded, and interpolation is used to approximat displacements of points be-
tween nodes. A 1D element with two nodes per element uses linear infgolation, and a quadratic
interpolation scheme would require three nodes per element.

Element Numberl 2 3 4 5 6 7 8
{ L 4 L L 4 @ @ @ @ L

Node

Figure 4.1: A nite element domain sub-divided into 8 linear elements with 9 nodes.

On each element a piecewise polynomial function is de ned to approximate the true displacement
solution, as shown in gure 4.2. Each piecewise region starts and ewsdat a node.

u(x)

Element Number

Figure 4.2: Linear basis functions are shown approximating the truesolution (dotted-line). Basis
functions must always satisfy the boundary conditions.

Two ways to construct approximate solutions exist (i) the Rayleigh-Ritz method and (ii) the
Galerkin method In most cases the approximate solutions found using these methis can be
made arbitrarily close to the true solution, by making the nite element mesh increasingly ne.

It is possible to nd the true displacement solution, u(x), by starting with a trial function u@ (x)
that it de ned such that it always satis es the boundary conditions . Then the tness of the trial
function is improved by tuning its free parameters. The Rayleigh-Ritz method requires that second
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order di erential equation can be restated in the following quadratic variational form
|
Zy

I )= 5 p)

dutrial (X) 2

o +rou™ (x)2  f)u™ (x) dx: (4.4)
The Rayleigh-Ritz principle states that the true solution u(x) is the function that successfully
minimizes the functional J ( ). The Rayleigh-Ritz method is to obtain an approximation to the
true solution by nding the trial function that minimizes the function al J (u™@ (x)).

If the second order di erential equation includes a rst order term, i.e. g—i then it may not be
possible rewrite it in the required variational form. For this reason the Galerkin method has a
broader applicability than the Rayleigh-Ritz method.

The Galerkin principle states that the true solution u(x) satis es the weak formulation of the
problem, i.e.

z z
bp(x)du(x) MX) | uvix) dx = E (X)Vv(x)dx 8v(x) satisfying the BCs  (4.5)

a dx  dx a V(@) =0& v(b) =0

where the function v(x) is any function that is continuous over the domaina <x <b and satis es
v(a) = 0 and v(b) = 0. The functions v(x) and u(x) are both required to have well-de ned rst

derivatives. The Galerkin method to obtain an approximation to the true solution is to replace
u(x) in equation (4.5) with a discretised function u®(x). The discrete function u®(x) is a weighted
sum of the Galerkin basis functions i,

K 1
u(x)= o+ Uj j; (4.6)
j=1

and the correct choice of theu; will successfully approximate the true solution. The lowest Galerkin
basis function ¢ is a linear interpolation between the boundary conditionsu(a) = A andu(b) = B.
The higher ; are commonly chosen to be linear splines de ned piecewise over the glents, as
shown in gure 4.3. For a domain subdivided into n elements there are i 1) linear splines
functions.

1 2 3 4
Element Number

Figure 4.3: The lowest Galerkin basis function ¢ interpolates between the boundary conditions.
The basis function 5 is only non-zero on elements 2 and 3.

The Galerkin principle of equation (4.5) can be written more succinctly as,

A(u(x);v(x)) = i (x);v(x)i 8v(x) satisfying BCs; 4.7)

where A( ; ) is a functional form and h (x);v(x)i denotes the inner product off (x) and v(x)
over the domaina<x<b.
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Any choice of the function v(x) can be made provided the boundary conditions are satis ed, i.e.
v(a) =0 and v(b) = 0. Thus the arbitrary function v(x) can be approximated by a weighted sum
of the higher Galerkin basis functions

v(X) e (4.8)

i=1
Thus following the Galerkin method and discretising equation (4.7) gives,

X 1 X 1
AU®(x); i i)= H(x); il (4.9)

i=1 i=1
which as the ; are arbitrary is equivalent to the following set of (n 1) equations

A@UC(x); )= H(x); ;i forl<i<n 1 (4.10)

Writing out the discrete function u®(x) in terms of its expansion yields
D4 1
A( ot Ui j; i)= M (x); i forl<i<n 1L (4.11)
j=1

Using the property that A( ; ) is a bilinear function gives

D4 1
A( g, Dup = HFX); ii A (o; §) forl<i<n 1 (4.12)
j=1
or equivalently in matrix form
X 1
Kiju = f; forl<i<n 1; (4.13)
j=1
whereKj = A (j; i)andf; = lF(x); ii A ( o; i). The components of the matrix K;; and
the vector f; can be computed by evaluating the integrals using numerical integrion. The system

of equations can then be solved using matrix methods to yield the coeients u;, which describe
the approximate solution.

Generalisation to Three Dimensions

In three dimensional problems the solution to a set of di erential equations is sought over a volume
domain , and the boundary conditions are speci ed on the surface of the volume @. Provided
the di erential equations are linear the system of equations can beaepresented as,

Lu(x;y;z)+ b=0on ; (4.14)

Mu(x;y;z)+ t=00n @ ; (4.15)

whereu(x;y; z) is a scalar or vector representing the function sought, e.g. temerature or displace-
ment [93].

The next step of nite element analysis is to subdivide the three dimersional volume domain into
a mesh of elements. The most commonly used elements in three diménoss are tetrahedral or
brick shaped, see gure 4.4. Elements using linear interpolation only hve nodes situated at their
corners, whereas a higher order element has additional nodes Ided along its edges.

Once a mesh is de ned then the functionu(x;y; z) can be approximated by an expansion in terms
of the corresponding basis functions, i.e.

u(x;y;z) o+ up e (4.16)
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Figure 4.4: (left) A 4-node linear tetrahedral element. (middle) An 8-node linear brick element.
(right) A 20-node quadratic brick element.

Following the Galerkin method then yields a system of equations which hve the same form as the
one dimensional case, i.e.
Kij y; +f; =0; (4.17)

In order to obtain the coe cients of the matrix Kj it is necessary to use numerical integration to
compute an integral over the volume of each element. Typically the Gussian quadrature method
is used, which approximates an integral of a function as a weightedwsn of the function values at
n points in the integral domain. If the function being integrated is a polynomial of order 2n 1
then the method computes the integral exactly [94]. The material esponse is calculated at the
integration points of the Gaussian quadrature method; the displaements and stresses are then
extrapolated from the integration points out to the element nodes

Elements can be formulated to either use full-integration or reducd-integration. A fully-integrated
element has enough integration points to compute its integrals exaty, provided that the element
is in a regular con guration, which for a linear brick element means the sides must be parallel
and meet at 90. For a linear element to be fully-integrated two integration points are required
for each dimension of the element, so a three dimensional brick elemiehas eight integration
points, see gure 4.5. A reduced-integration element typically only has one integration point,
which has the advantage that it reduces the number of equationsd be solved and therefore speeds
up computation. However this speed-up comes at the cost of theeduced accuracy of the achieved
solution. Reduced-integration linear elements can su er from the aomalous deformation mode
known as hourglassing, where rectangular elements deform into amourglass shape at zero energy
cost [95]. This deformation is non-physical, and should be preventety adding arti cial sti ness.

Ny~
iy -

Figure 4.5: (left) A reduced-integration 8-node linear brick elementhas a single central integration
point (marked in red). (right) A fully-integrated 8-node linear brick element has eight integration
points located throughout its volume.

Di erent element types have di erent strengths and weaknessesthe choice of element should re-
ect the nature of the problem at hand. Incompressible and nearincompressible materials tend to
cause problems with elements based solely on the standard displacent description of elasticity

[93]. Fully incompressible materials require an element with a hybrid fornulation, where an addi-

tional hydrostatic pressure term is introduced to enforce incompessibility. Nearly incompressible
materials can be modelled by reduced-integration elements without sing a hybrid formulation.
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Quadratic elements are superior to linear elements at describing séiss concentrations, provided that
severe distortions do not occur [96]. They are also better suited tonodelling complex geometries,
such as curved surfaces, and bending deformations. A fully-intagted linear brick element can
not accurately represent a bending deformation, which causes aexcessive stiness in bending
termed shear-locking. However gquadratic elements can su er frm an excessive sti ness termed
mesh locking when deformed incompressibly, which linear elements aimmune from.

Accurate results can only be achieved if the nite element domain is mehed su ciently nely.
To demonstrate that results are accurate the simulation should berepeated using ner and ner
meshes, until the results are seen to converge. Finer meshes irase the computation time, but
overly coarse meshes will produce inaccurate results. The choicd element type a ects the rate
of mesh convergence, for example linear tetrahedral elements meerge slowly towards the true
solution and are therefore best avoided.

Finite element analysis can be performed either statically or dynamiclly. In static analysis the

path between the initial and nal state of the system is parameterised by dividing it into many

increments. For example in a solid mechanics problem the applied deforation is increased at
each increment, until at the nal increment the full deformation is achieved. At the beginning
of each increment the stiness matrix, Kj , from equation (4.17) is computed. The solution is
then found by applying Newton's method (or a similar procedure) to lve the matrix equations to
within a speci ed tolerance. The solution from one increment is used a the initial estimate of the

solution at the next increment. If the estimate lies within the radius of convergence to the solution
then Newton's method will successfully nd the solution. Decreasingthe increment size tends to
improve convergence, however in problems with material or geomat instabilities convergence is
not guaranteed.

In dynamic analysis the progress of the solution is parameterised bg time variable. The deforma-
tion is computed by advancing from one time increment to the next usng the laws of motion. The
equilibrium con guration at each time increment is not sought and the sti ness matrix is never
computed. In the limit of su ciently slow kinematics the dynamic solutio n will correspond to the
static case. Dynamic analysis is commonly used to compute wave solons and in situations where
a static analysis does not converge.

The nite element method has been used to model the deformation bLCE in realistic stretching
geometries; predicting the spatial distribution of microstructure as well as stress-strain curves. The
next section is a review of the literature of LCE modelling using the nite element method.

4.2 Finite Element Models of Nematic LCE

The elastic energetic cost of deforming a nematic elastomer was pposed by Bladon, Terentjev
and Warner [52] to take the form;

1 . .
Fnematic = > T _ o =T - L (4.18)

This energy permits perfectly soft deformations via rotations of the director. Also the energy is
not convex, which motivates the formation of microstructure as ameans of lowering the energy.
This is consistent with the experimental observation of an induced wipe microstructure in nematic
elastomers, as shown in gure 4.6(a).

In the stripe pattern the director is rotated oppositely in neighbouring stripes. The rotation is
caused by the simple shear present in each stripe, which is either pitige or negative and alternates
between stripes. Stripe formation can occur locally even when thetetching geometry prohibits
the global shearing of the sample. In reality striped deformations & not perfectly soft, and to
account for this theoretical models may include a semi-softness tm, which penalizes director
rotation.

When a nematic elastomer is stretched perpendicular to its initial director a striped texture forms
in the bulk of the sample, see the middle frame of gure 4.7. In the immeliate vicinity of the clamps
the shears necessary to form a stripe are restricted by the clanipg conditions. This causes a thin
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(a) (b)

Figure 4.6: (a) Stripe domain texture observed using polarizing micrecopy by Kundler and Finkel-
mann [54]. The characteristic width of domains is 15 m. (b) Geometry of stretching.

region without microstructure to occur near the clamped edges, s illustrated in gure 4.6(b). The
width of these regions is of order the characteristic microstructue size, so they are dicult to
observe without magni cation.

Figure 4.7: The spatial distribution of microstructure in a monodomain nematic elastomer,
stretched perpendicular to the initial director, as seen by direct dservation. (top) The unde-
formed state, = 1. (middle) A strain of 1:2 exceeds the strain threshold to director rotation.
(bottom) A strain of 1:4 exceeds the strain required to fully rotate the director [60].

At large strains the stripe texture disappears from the bulk of the sample, as seen in the bottom
frame of gure 4.7. The stripe texture clears once the directors inthe stripes become fully aligned
with the stretch axis. However a complicated pattern of microstructure still persists near the
clamped edges. The shape of the deformed sample near the clampsrifinsically related to the
distribution of microstructure in this region. An experimental stud y by Zubarev et al. demonstrates
that the spatial distributions of microstructure is dependent on the length to width aspect ratio of
the sample [78]. The higher the aspect ratio the less impact the clampip conditions have on the
bulk of the sample. This means that with all other parameters equala higher aspect ratio sample
will be slighter softer than a low aspect ratio sample.

In the literature quasi-convexi ed nematic energies have been ugkto construct nite element ma-
terial models of soft and semi-soft nematic elastomers. These met$ allow the spatial distribution



CHAPTER 4. REVIEW OF FINITE ELEMENT MODELS OF LCE 76

of microstructure to be studied in realistic stretching geometries,i.e. with clamped edges. The
models are static models, as they contain no dynamic terms. Modelsdsed on quasi-convex energies
are coarse-grained, as they do not resolve the ne scale of the mrwstructure. For a simulation to
resolve the microstructure the energy model would require a ternthat penalizes spatial gradients
in the director, and the nite element mesh would need to be at an extemely ne scale.

Soft Nematic Quasi-Convex Energy

The nematic free energy can be rewritten with the isotropic state & the reference con guration
rather than the nematic phase,

2+ 2+ a2 3al™ ifdetE=1

W(E) =
&) +1 else

(4.19)

where 1(E) 2(E) 3(E) are the ordered singular values of deformation gradientE, and

the multiplicative factor of  has been neglected. The parametea characterises the extent of
the uniaxial deformation that occurs on transition from the isotropic to the nematic state, this
deformation has the same form as equation (3.46) with o = a'*®, and in terms of the polymer
anisotropy o =r 176,

The quasi-convex envelope of the nematic energy was derived by Banone and Dolzmann (2002)

[97] to be, 8
2 0 if ;>al®®
Wee(E) = W (E) ifal? 1> 1 (4.20)

2+2al% |1 3l else
where the deformation gradient is volume conserving, i.e. degt = 1.

Conti, DeSimone, Dolzmann (2002) usedV, plus a neo-Hookean perturbation as the nite ele-
ment material model [68]. The perturbation term is necessary beacase multiple possible deforma-
tion states exist whenWgc = 0. A small perturbation term splits the degeneracy, and was show

quantitatively to not change the results. Because the perturbaton term is small it is not necessary
to consider its e ects on the quasi-convex envelope. The model ales the study of loading experi-
ments in realistic geometries, i.e. with clamped boundaries. Numericadimulations were performed
on a quarter-sample using a non-uniform 2D mesh of 800 elements dra reverse loading path.

The quasi-convexi ed energy predicts three phases (i) liquid-like micostructure (ii) smectic-like
microstructure (iii) no microstructure. Liquid-like microstructure deforms perfectly softly, i.e. at
no energy cost. Smectic-like microstructure is soft when sheareid-plane but solid when stretched
in-plane. The phase with no microstructure is not soft, i.e. it is a rubbery solid.

The predicted distribution of microstructure when stretching perpendicular to the initial director
is shown in gure 4.8. At a stretch of 1.46 the bulk of the sample formsno microstructure, as the
director has fully re-oriented to become parallel to the stretch axs. In the central region of the
clamps a small region of microstructure exists, which is smectic-like red therefore transmits stress.
This microstructure exists at the clamp because no contraction in he width direction is possible,
so the deformation is largest in the thickness direction, which can beccommodated by a smectic
microstructure.

Semisoft Nematic Quasi-Convex Energy

The model of Verwey, Terentjev and Warner [55] introduces an aditional semisoftness term to
describe non-ideal nematic elastomers,

Furw = = T_ %o T 2 U+ 2 oT_ (L nond) " nn']: (4.21)
|2 {z } |2 {z

F nematic F semisoft
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Figure 4.8: Spatial microstructure distribution at a stretch of 1.46 perpendicular to the initial

director. Darkly shaded regions correspond to the absence of nmastructure, whereas lightly
shaded regions correspond to liquid or smectic-like microstructure The enlarged pictures show
possible constructions of the microstructure, with director oriertations shown by short lines.

Conti et al. (2002) transformed equation (4.21) using an a ne change of coadinates, so that the
reference con guration is the isotropic state giving,

Fvrw = JEj*  JE'nj*  JEng (4.22)

where E is the deformation gradient measured in the isotropic reference ste. The term , where

0 < < 1, describes the coupling between the nematic ordering and strainThe term is the
degree of semisoftness in the elastomer; the case= 0 is a soft elastomer.

Conti et al. then derived the thin Im limit version of equation (4.22) to be,

Fvrw = JEj* + deCE JETnj>  JEng*: (4.23)
Minimizing equation (4.23) over n gives,
1 . .
Fvtw = 2+(1 ) 2+ — JE ngj?; (4.24)
12

where 1 and » are the ordered singular values oE ( 1 2).

The quasi-convexi ed form of (4.24) was shown to be,
8
s2, 1,5 (@ ) defE=}(E)+aj(E) ifdetE & }(E) Hard

det’E 2a'72(1  )detE. if detE.  al™2 3(E) Soft;
(4.25)

where the parametera=1 — and n§ is a unit vector perpendicular to no.

The energy of equation (4.25), with detE = 1 enforced, was used as the constitutive equation in a

nite element model of semisoft nematic elastomer sheets. Numera simulations were performed
on a triangular 2D mesh. Stretching was performed perpendiculara the initial director with rigid
clamping conditions. The force curves stretching perpendicular ton, are initially sti, as shown
in gure 4.9.
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Figure 4.9: (left) Force verus strain, stretching perpendicular tothe initial director for parameters
=0:1,r =3 and a=0.8,0.7, 0.6, 0.5, 0.4, 0.3. (right) Director rotation at the centre of the
sample versus stretch, for =0.005, 0.01, 0.05, 0.1, 0.2 ané = 0.5 [69].

A threshold strain of a few percent is required to reach the semistfplateau. The plateau corre-
sponds to the rotation of the director, see gure 4.9. The length d the semi-soft plateau decreases
with increasing a. At large strains the director becomes fully aligned with the stretch axis, and
the deformation becomes sti er.

Dynamic model of Nematic Elastomers

Mbanga et al. (2010) studied the formation of stripes using a dynamic nite elemen model [98].
A sample of dimensions 5mm  0:5mm 50 m was uniformly meshed with 78000 tetrahedral
elements, with each element possessing a director orientatiom. All the directors are initially
oriented in the n, direction, which is perpendicular to the stretch axis.

The material model consists of the energy of isotropic elastic solida kinetic energy term and
nematic terms. The nematic ordering is described by theQ-tensor, Q; = %8(33i n o _j ), where
the order parameter S is taken as 1. The strain is written in terms of the Green-Lagrange énsor,
Zj = 3 uju; +uqug . The total nematic energy of an elastomer, divided intop elements of
volume V,, takes the form

X 1 X 1 5 X o

Whematic = Vo Egum gkt S Vit Vo i (g!,-’ Qi)
p P p
| {z }ol—{z—1} | {z }

isotropic solid kinetic energy coupling strain to nematic order
X ) 012 X . 0 (4.26)
oY% Q) Q) ¢ Q Q)™
<p;g>
[— ) [l )
preference for initial ordering penalize  Q between nearest neighbours

The nematic ordering and strain are coupled by the parameter. The parameter penalizes
deviations in Q; from its state during cross-linking. Gradients in Q; are penalized by the

parameter. Parameter values were chosen as = 5:7 10° Pa, bulk modulus B, = 2:8 10’ Pa,
= , =0:3,and =107J.

This model is dynamic, as it includes a kinetic energy term dependent o the material velocity.

An internal damping force was included in the model, which acts along he line between two nodes

and is proportional to their strain rate.
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The spatial distribution of microstructure is shown in gure 4.10. At a strain of 10% the mi-
crostructure can be seen to form on a length-scale much larger #n is experimentally observed. At
50% strain the bulk of the sample is free from microstructure, as tle director has rotated parallel
to the stretch axis. The director partially rotates in regions near the clamps. These results are
qualitatively similar to the semi-soft simulations of Conti et al. (2002).

Unstrained

10%

50%

Figure 4.10: Director orientations stretching perpendicular to n, at strains of 0% 10% and 50%.
Regions with a director oriented at 0 or 90 to n, are shown dark blue. Regions with a director
oriented at 45 to ny are shaded red.



Chapter 5

Finite Element Modelling of
Monodomain Smectic- A LCE

In this chapter the deformation of monodomain smecticA elastomer is investigated for the case
of a rectangular sheet stretched between two clamps, with the inial layer normal oriented in the
plane of the sheet. The nite element model makes predictions abaduthe spatial distribution of
microstructure and stress-strain behaviour, which can be relatd to the experimental literature.
The angle of the stretch axis relative to the initial layer normal is varied between 0 and 90, and
the predicted microstructure patterns are highly amenable to future experimental veri cation. It
is also interesting to simulate samples with di erent length to width aspect ratios, and to examine
the combined in uence of aspect ratio and stretching angle.

5.1 Background

In smectic-A liquid crystals the layers are unstable to a buckling instability when strained parallel
to the layer normal [11]. Models of layered materials, containing freeenergy penalties for layer
curvature and layer dilation, exhibit layer buckling [99]. The models predict that at the buckling
threshold strain the layer modulation in a single direction is degenera¢ with bidirectional modu-
lation. At larger strain this degeneracy is removed and bidirectionalmodulation of the layers, as
illustrated in gure 5.1, is lower in energy.

Figure 5.1: The vertical displacements of an initially at layer are sinusoidal for a strain just above
the buckling threshold in smectic-A liquid crystal [99]. The bidirectional buckling favours the
formation of square periodic cells; only four cells are depicted herelncreasing the strain causes
the cell size to grow and the buckling pattern becomes increasinglyigzag shaped.

This theory of bidirectional buckling is consistent with experiments on liquid smectics, where two
directions of buckling are observed in X-ray scattering patterns [D0]. The smectic layer modulus
in liquid crystals is typically 10’ Pa. Layer buckling is relaxed away in liquid smectics by the

80
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propagation of dislocations into the layers that relieve the strain. In the smecticA elastomer sam-
ples investigated by Nishikawaet al. the buckling of layers is not relaxed away by the propagation
of defects. However samples with highly defective layer structure behave di erently to the largely

defect-free samples of Nishikawat al. [25].

Nishikawa et al. reported that on stretching perpendicular to the layer normal the sample remains
transparent, and has Poisson's ratios of (01) [21]. This indicates that the the deformation is

accommodated within the layers. The modulus is of order 10° Pa for this deformation. On

stretching parallel to the layer normal the sample is initially much sti e r, having the modulus B,

and Poisson's ratios of %; %). The elastic modulus drops sharply to above a threshold strain
of a few percent, where the elastomer becomes cloudy [19]. The Xy scattering pattern indicates

that the layers are buckled, and the reduction in X-ray intensity shows that the modulation is in

more than one direction as layers tilt out of the X-ray scattering plane.

It should be possible to distinguish unidirectional buckling from bidirectional buckling by viewing
the sample between a crossed polariser-analyser pair. The opticakis in smecticA elastomer is
parallel to the director, so the simple laminates associated with unidiectional layer buckling will
appear as light and dark striped domains, much like nematic elastomestripes. In bidirectional
buckling the director varies rapidly in both buckling directions, so will always be bright when
viewed between the polariser-analyser. Unbuckled regions will apge dark when the polariser (or
analyser) is parallel to the optical axis, and have maximum brightnes when the polariser is at 45
to the optical axis. It is anticipated that both types of buckling will a ppear opaque to the naked
eye, similar to striped domains in nematic elastomers (see Refs. [568]f and Fig. 8.10 of [60]).

The nite element material model used in this work is based on a coars grained smecticA free

energy, so does not resolve the microstructure. To accurately odel the microscopic length scale
on which buckling occurs requires the inclusion of spatial gradient tems, for example those arising
from Frank elastic energy. This approach would be highly computaticmally expensive and is not
pursued here. Instead the coarse grained free energy model isad to model realistic geometries of
tensile loading that have been studied experimentally.

5.2 Finite Element Material Model

The total free energnymt , introduced in equation (3.53) of chapter 3, is
8

2 Y ngi?+ f( 3B; (Z)d)+WMR det_=1
Wa (O = (5.1)
' 1 else
S kgb
halll 2 q
b+ + k(d 0q d b+ 1 AS
b q %
wheref ( §b; 5d) = and UB (5.2)
kb+ 1 kqb
kb+1
1 1
2q K b ¢ K BB

It is useful to expressflvtot in terms of the invariants of the Cauchy-Green tensor,C = _T _. The

term %_ nyj? is simply ,*A4. The parametersb and ¢ are,

A Ag+ P (A1+ Ag)?2 4(Ax+ As)
p 2 ,
a= A+ As  AiAy; (54)

b= (5.3)
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and the Mooney-Rivlin term is,

Wur () = cur A2 (5.5)

Some care must be taken in treating these expressions numericallyirstly in equation (5.3) the
two terms (A1 + Az)? and 4(A,+ As) are typically close together. This subtractive cancellation can
lead to large numerical errors. Secondly the derivatives of the fre energy are required to compute
the stresses in the material. Di erentiating the square root expression in equation (5.3) gives an
expression that diverges when A1 + A)? = 4(A, + As). It is useful to smooth the divergence in
this expression by adding a small value 10 ° to the contents of the square root.

The material energy, Wit (L), was implemented in the commercial nite element codeAbaqus 6.10

[96] by writing a UANISOHYPHRY subroutine for the standard implicit integration scheme. The
numerical method in this routine is based on previous work implementig invariant based elasticity
[101, 102]. Incompressibility is enforced within this code by specifyingype=incompressible inthe
material de nition in the input le. The anisotropy parameter local directions=1 is specied,
with the local direction de ned as ny. The Fortran code for the material routine is included in
Appendix C, along with an example input le.

Rigid clamping boundary conditions were used on the end faces of thelastomer. In Abaqusthese
constraints are implemented as pinned displacement boundary coritions, e.g. U1=0.64,U2=0and
U3=0at the mobile clamp. Experimentally an alternative to rigid clamping is to secure the ends
of the elastomer with tape, which allows a contraction in thickness ofthe elastomer at the clamp.
Simulations using tape-like boundary conditions produce very similar gress-strain curves to rigid
clamping with a slight di erence in microstructure near the clamps.

The elastomer was deformed by moving one of the clamps to achievetatal deformation of =1:4,
with the step size increment constant at 5 10 3.

Model Parameters

The material parameters are chosen to be similar to values found bilishikawa et al. [19, 21]. The
parameters listed in Table 5.1 describe the smectic layer moduluB, the rubber shear modulus
and a polymer anisotropyr appropriate for a prolate side chain LCP. Equations (3.13),(3.14) ad
(3.47) can then be used to ndqg;kand o.

Parameter (symbol) Value
B 36 10°Pa
10° Pa
r 1:95
K 10 N
0 0:895
k 4843
q 0:780
CVR 0:14

Table 5.1: SmecticA Model Parameters

Equation (3.90) gives the threshold strain to bidirectional buckling for a stretch parallel to n, as
w = 3(q 1=k) 1, for these values y = 1:053.

Following the work of Nishikawa et al. [19] the sample will initially be taken as a rectangular
cuboid of dimensions 16cm  1:0cm 500 m. The value of the layer buckling term, cyr , can
then be estimated by examining the e ect of cyg when stretching parallel to ny. The width of
the middle of the sampleW was measured as a function of deformation. Figure 5.2 shows that if
cvr = 0 then the incremental Poisson's ratios are (1 0) above the threshold, which is inconsistent
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with experimental ndings [19]. Whereas a value ofcyr = 0:14 successfully approximates the
deformed state shown in gure 1.11.
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Figure 5.2: Deformation across the width of the sample as a functiorof the deformation applied
parallel to n,.

A similar value of the Mooney-Rivlin coe cient can be estimated from equation (3.77) with Ly
1cm and K = 10 ' N. This is also broadly consistent with the work of Stannarius et al., who
performed mechanical experiments on smectié&x LCE balloons and found that Mooney-Rivlin
coe cients in the range 0 < cyr < 0:1 could t their experimental data [44].

Mesh Veri cation

Initial tests of the UANISOHYPHRY subroutine were conducted on a single C3D8H (8-node linear
brick hybrid) element. These showed that the model is correctly egilibriated, as no stresses are
present at zero deformation. When stretching parallel ton, the expected stress-strain curve was
reproduced. Integration points undergo a transition from the AS to BB phase at the correct
threshold strain.

The subroutine was then tested with C3D8RH (reduced-integratian) and C3D20H (twenty-node)
elements and it was con rmed that the results were independent othe element-type.

The thin Im was represented using uniform meshes with between 8040 20 1) and 32000
(200 160 1)elements. These meshes were observed to achieve equivalerguiés. Computations
were also performed using biased meshes, which achieved streskisons within 0 :5% of uniform
meshes. Equivalent results were also obtained with thicker meshed Q0 50 5).

The results presented in the following sections were obtained using gectangularly uniform mesh
of 5000 (100 50 1) C3D8H elements.
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5.3 Tensile Deformation of Smectic- A Elastomer Sheets

Elongation parallel and perpendicular to the director

Figure 5.3: Spatial distribution of microstructure stretching parallel to n,, at strains of =1,
1.04, 1.056, 1.08, 1.12, 1.2 and 1.4. Sample dimensions at6dmn 1:0cm 500 m.
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The spatial distribution of phase of the sample is shown in gure 5.3. A a strain of =1:04 the
sample is beneath the buckling threshold 1:053, so no microstructure forms. Just above the
buckling threshold, at = 1:056, almost the whole sample is in the UB phase. Then at higher
strains the bulk of the sample moves to the BB phase, with the UB phae persisting only in the
vicinity of the clamps. The material near the clamps is constrained in away that prevents isotropic
deformation, meaning it tends to form UB microstructure rather t han BB microstructure. The
shape of the deformed sample is similar to that of the isotropic neo-Blokean elastomer shown in
gure 5.5(c), which means the Poisson's ratios post-buckling are %; %).

The stress-strain curve for deformation parallel ton, is shown in gure 5.4. This curve, obtained
from nite element modelling, is in agreement with the stress-strain airve obtained for a uniform
deformation shown in gure 3.12.
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Figure 5.4: Nominal stress stretching parallel ton,, for di erent values of cur .

On stretching the sample perpendicular ton, no buckled microstructure forms, as shown in gure
5.5(b). This behaviour is consistent with the uniform deformation case shown in gure 3.11. The
layer spacing is constant and the sample deforms with Poisson's ratof (1; 0).

Figure 5.5: Microstructure distribution when stretching smectic-A elastomer perpendicular ton,,
shown at (a) =1and (b) =1:4. For comparison (c) shows an isotropic neo-Hookean sample,
with free energyW () = C1(A; 3)+ D—ll(Ag 1)2, whereCy; =2 and D; =10 6.
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Elongation at an arbitrary angle to the director

The stress-strain behaviour for elongations at various angles tm, are shown in gure 5.6 for an
elastomer with the same aspect ratio as those of Nishikawat al.
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Figure 5.6: The nominal stress as a function of deformation, wher@j, is oriented in the plane of
the Im at an angle to the elongation axis.

For elongations within 10 of n, the stress-strain curve still resembles that of the parallel case.
However for elongations at 20 and above there is no longer a well de ned threshold transition
to a lower modulus. The corresponding spatial distribution of microgructure for elongations at
various angles ton, are shown in gure 5.7.

Figure 5.7: Microstructure distribution for elongationsat1 ,2 ,5,10,20, 30,45 and 70 to
ng, shown at a deformation of 4. The sample dimensions are:6cm 1:0cm 500 m

These results show that elongations at an angle within 1 of n, result in the BB phase forming
in the bulk of the sample, with UB phase at the clamps. At a stretching angle of 2 the UB phase
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forms at the free edges of the sample. The formation of UB microsticture is accompanied by

xz Shears present in these regions of the sample. Note that for angleabove 20 there is no
percolation of the strip of the UB phase across the sample. This corrides with the disappearance
of the threshold in the stress-strain response.

The stretching of a sample at a 5 inclination to the director will now be examined in more depth;
the spatial distribution of microstructure is shown in gure 5.8 for v arious strains.

Figure 5.8: Microstructure distribution when stretching at 5 to ng at strains of 1.04, 1.056, 1.08,
1.12, 1.2 and 1.4. The dashed region is explored in more detailed in Fig. 5.9

At the threshold strain the sample clearly forms a stripe of UB phase which runs between opposite
corners of the elastomer. Due to the clamping conditions the matdal along the stripe is being
stretched roughly parallel to the initial director, which causes a transition to the UB phase. At
high strains the central region of the elastomer undergoes a trasition to the BB phase, whereas
the free edges of the sample are largely in the UB phase.
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The spatial phase distribution is closely related to the spatial shearstrain distribution, as shown
in gures 5.9(a) and (b). Only the weakly sheared, central area ofthe sample is in the BB phase.
Strong shears result in a transition from the BB to UB phase. For animposed deformation of
xx = 1:4 the transition occurs ata 4, 0:4, which is equivalent to an engineering shear strain
of » =( x2x+ 2x)=2 0:2. The ,, and y, shears are practically zero for the region shown.

Figure 5.9: (a) Spatial microstructure distribution, the thickness of the cross-section has been
exaggerated by a factor of 4 for clarity. (b) x; engineering shear strain, (c) x engineering strain
and (d) yy engineering strain for the dashed region of gure 5.8.

The strains, y and yy, are distributed inhomogeneously, as shown in gures 5.9(c) and (d The

xx Strain is lower near regions without any microstructure. The y strain represents the thickness
of the sample. The regions of the sample in the BB phase have a neamniform thickness and
are thinner than regions in the UB phase. It is interesting to analysethe (B,d) values of elements
located along the dashed line of gure 5.9(a), as plotted in gure 5.10
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Figure 5.10: The phase of elements on the dashed line of gure 5.9 (i) shown in (0;d) space. The
trajectory _; is a deformation, of the form equation (5.6), with =0:73, =5, 1 =1:4, and

xz = 01to 0:4. Trajectory _» is a deformation with =0:1, =5, ;=1:4and ,, =0:41t0 0:7.

It is possible to understand the distribution of elements in phase spee, shown in gure 5.10, by
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considering a uniform deformation at an angle to n, consisting of an elongation with a variable
Poisson's ratio, and a 4, sheatr,

0 1 0 1
1 0 xz cos O sin
=80 L+ 0k @0 1 o0 A: (5.6)
0 O 1 sin 0 cos

1

Elements at the centre of the dashed line of gure 5.9 are in the BB plase, and have almost zero
shear strain. Moving away from the centre of the sample, in either dection, the elements are
subjected to an increased amount of shear, which is illustrated by e trajectory labelled _; in

gure 5.10. It is the additional shearing that drives the transition f rom the BB into the UB phase.
Once the UB phase is reached the thickness of the sample increas&is is because the UB phase
consists of buckling in only one direction, and is therefore thicker in he direction perpendicular to
the plane in which the microstructure laminates are formed. Moving bwards the free edges of the
sample the increasing shear nearly causes a transition from the UBotAS phase, as illustrated by
the trajectory _, in gure 5.10.

Aspect Ratio

So far only samples with the aspect ratio of 1.6 have been investigate Other work on smectic-A
elastomers has used di erent sample aspect ratios such as Komet al. [25], where the sample
dimensions were 2cm  0:4cm 100 m, i.e. an aspect ratio of 5. It is therefore interesting to
study samples with di erent length to width ratios, at constant Im t hickness. Figure 5.11 shows
that varying the aspect ratio alters the stress-strain curves oltained when stretching at a small
angle to n,, but produces the same stress strain curves when stretching pallel to ng.
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Figure 5.11: Nominal stress as a function of deformation for elongon at 0 and 10 to n,, for
aspect ratios of 16 and 8.

The spatial microstructure distribution is highly sensitive to the aspect ratio. Figure 5.12 shows
the microstructure distribution in a sample with an aspect ratio of 8.

When compared to gure 5.7, where the aspect ratio is 16, it can be seen that the larger aspect
sample reverts to the AS phase for smaller angles of inclination of theleformation to the layer
normal. Qualitatively this is because a smaller fraction of the sample isaken up by the end region
near the clamps as the aspect ratio increases. Hence the layer moal is less constrained in its
rotation by these end regions, and can adopt the lowest energy @ntation rotated away from the
elongation axis. For the aspect ratio of 8 an inclination of as little as 2 results in the sample forming
the UB phase rather than the BB phase. This may make it di cult to ex perimentally observe BB
microstructure in high aspect ratios samples by stretching parallelto ny. The sensitivity of the
microstructure to the deformation direction is increased for large values of B= .
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Figure 5.12: Microstructure distribution when stretchingat1 ,2 ,5 and 10 to n, at a strain of
0.4. The sample dimensions are:8cm 1:.0cm 500 m, which is an aspect ratio of 8.

The microstructure distribution in a sample with an aspect ratio of 0:8 is shown in gure 5.13.
These patterns are similar to those of a sample with an aspect ratio fol:6, except that at low
aspect ratio the UB phase near the clamps occupies a greater progtion of the elastomer.

Figure 5.13: Microstructure distribution when stretchingat1 ,2 ,5 and 10 to n, at a strain of
0.4. The sample dimensions are:8cm 1:0cm 500 m, which is an aspect ratio of 0.8.

The e ects of aspect ratio are summarised in gure 5.14, which show the phase present in the
centre of the sample for various aspect ratios and stretching arigs. The lowest aspect ratio forms
UB phase for all stretching angles 0-10 , as the e ect of the clamps dominate the whole sample.
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Figure 5.14: The phase found in the centre of the sample at a deforation of = 1:4, for various
aspect ratios and stretching angles relative ton,.

At high aspect ratios the e ect of the clamps on the centre of the sample diminishes and the BB
phase forms for very small angles. However a small deviation fromtretching parallel to the layer
normal results in the formation of the UB phase. Experimental studies on higher aspect ratio sam-
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ples [25] show no opacity when stretching parallel to the layer norma A possible explanation for
this behaviour is that the layer normal is slightly misaligned with the str etch direction. However in
order for the AS phase to occupy the bulk of the sample it would reqire a signi cant misalignment,

greater than 5. Also a large misalignment would create a signi cant, near-uniform ,, shear in
the bulk of the sample, which would rotate the layer normal in the x-z plane. Whereas the X-ray
scattering data indicates that the layer normal does not reorientin the plane of the Im .

It is also possible to vary the thickness of the sample at a constant legth to width ratio. This was
investigated by modelling samples between 10 times thicker and thinmgthan previously considered.
These results reproduce qualitatively similar microstructure distributions and stress-strain curves,
which demonstrates that the achieved results are largely indeperght of the sample thickness.

5.4 Conclusions

The stretching of monodomain smecticA elastomer sheets was studied numerically using the free
energy model, described in chapter 3. The model consists of the arse grained smecticA en-
ergy, derived in reference [80], augmented with a Mooney-Rivlin ternmto account for the energy
of deforming buckled layers. This model is successful in reproducinthe experimentally observed
Poisson's ratios post-buckling. The magnitude of the Mooney-Rivlin erm can be measured ex-
perimentally by a two step deformation process; rst deforming the elastomer parallel to the layer
normal, then deforming perpendicular to this direction. The modulus of the elastomer during this
second step indicates the magnitude oéyr .

A sample with dimensions and material parameters similar to those of hshikawa et al. was
investigated. When elongated parallel ton, the majority of the sample is predicted to form a
bidirectionally buckled microstructure, except at the clamps where unidirectional microstructure
is expected. Experimentally these microstructural di erences stould be distinguishable using X-ray
scattering patterns or polariser-analyser pair. When elongated fa small inclination to the layer
normal the phase of the sample is sensitive to the aspect ratio of #n sample. For small aspect
ratios the bidirectionally buckled phase persists to large angles. Folarge aspect ratios no buckled
phase is observed in the bulk of the sample for small inclination angles.

Some experimental studies on side chain smectig- elastomers show that the sample remains op-
tically transparent on stretching [25]. A small or large misalignment of the layer normal with the
stretch direction is not consistent with the behaviour found in the model. However, a 3D X-ray
scattering experiment that resolves spatially di erent regions of the smectic Im would provide a
useful comparison with the model presented here.



Chapter 6

Summary

Modelling semi-soft Smectic- C Elastomer

The aim of this work was to investigate the mechanical response of amectic-C model, with an
additional semi-softness term included. Semi-soft elasticity is expeted in smecticC elastomers,
as like nematic elastomers the perfectly soft behaviour predicteddr rotations of the polymer
anisotropy will be destroyed by non-idealities. The inclusion of semi-gftness signi cantly alters
the mechanical response, and results in unusual behaviour suclts anegative sti ness. The model
of monodomain smectic€ elastomer includes energy contributions from nematic, semi-soft red
smectic layer elasticity terms, and a penalty for changing the tilt ange. The stress-strain responses
for uniform deformations were calculated using an energy minimizatia routine.

When stretching parallel to the layer normal the rotation of the dir ector in the Sm-C soft mode
causes the sample thickness to expand and then contract. A netjge incremental Poisson's ratio

of up to 1:5 has been found for typical model parameters. The semi-soft pameter
delays director rotation, and the initial sti ness will re ect the sme ctic modulus provided the tilt
modulusc! 1 . Once director rotation has started the elastomer has a negativéncremental

Poisson's ratio, and a negative sti ness. The negative sti ness is a ansequence of the Sn& soft
mode deformations and the form of the semi-softness term.

When stretching perpendicular to the layer normal and the directa,, the response is reminiscent
of a semi-soft nematic elastomer, as the director rotates towarsl the stretch axis once a threshold
strain is reached and the layers do not reorient. The stress-stia curve shows a semi-soft plateau,
which becomes less well de ned for larger values of semi-soft paraster

When stretching perpendicular to the director with the layer normal coplanar, an instability in the
director orientation is predicted. The director jumps from an unrotated state to a rotated state
at a threshold strain. The semi-soft term provides an energy barier to director rotation, so the
threshold strain increases with increasing values of the semi-softgzameter. The jump in director
orientation causes a discontinuity in the stress-strain curve, i.e. alramatic decrease in stress once
the director has rotated.

When stretching parallel to the director the stress-strain respase is monotonic and the sti ness
is indicative of the rubber modulus. The layer normal rotates away fom the stretch axis, and the
director follows due to the constraint of the tilt angle.

Modelling realistic deformations of smectic- A elastomer

The deformation of monodomain smecticA elastomer sheets was modelled under realistic clamp-
ing conditions using nite element analysis. The motivation for this work was to improve the
understanding of the buckling instability that occurs when stretching parallel to the director, as
observed by Nishikawaet al. [19]. The model is used to predict the spatial distribution of buckled
microstructure, and investigate the combined e ects of sample agect ratio and varying the angle
of the stretch relative to the director.

92
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The constitutive model used was the coarse grained smecti- energy [80], augmented with an
additional Mooney-Rivlin term to account for the energy of deforming buckled layers. The addi-
tional term is necessary to reproduce the experimentally obsernd Poisson's ratios post-buckling.
The magnitude of the Mooney-Rivlin term cyr can be measured experimentally by a two step
deformation process; rst deforming the elastomer parallel to the layer normal, then deforming
perpendicular to this direction. The modulus of the elastomer duringthis second step indicates
the magnitude of cyr .

A sample with dimensions and material parameters similar to those of Mhikawa et al. was
investigated. When elongated parallel ton, the majority of the sample is predicted to form a
bidirectionally buckled microstructure, except at the clamps where unidirectional microstructure

is expected. Experimentally these microstructural di erences stould be distinguishable using X-
ray scattering patterns or polariser-analyser pair. When elonga¢d at a small inclination to ng

the phase of the sample is sensitive to the aspect ratio of the sampld-or small aspect ratios the
bidirectionally buckled phase persists to large angles. For large asperatios no buckled phase is
observed in the bulk of the sample for small inclination angles.

Some experimental studies on side chain smecti&- elastomers show that the sample remains op-
tically transparent on stretching [25]. Conceivably this could be caugd by a misalignment of the
director with the stretch direction, however the results of this study do not support this. An al-
ternative constitutive model is required to describe smecticA elastomers where the smectic layers
are not strongly coupled to the rubber matrix [25, 28, 38].

6.1 Further Work

Modelling pseudo-monodomain Smectic- C Elastomer

The work presented here needs to be extended if it is to meet with th existing experiments on
smectic-C pseudo-monodomains. This would require modelling the domain microsticture present
in a pseudo-monodomain. A possible simpli cation is to ignore the comptbility of the domains
and calculate the sti ness of a representative sample of domains sttched in parallel and in series.
These approximations are known as the Taylor and Sachs bounds ancorrespond to the sti est
and softest behaviours possible [103, 104], as explained in Appendix. Blowever these bounds are
only valid for materials with positive sti ness, and semi-soft Sm-C elastomer is negatively sti in
many geometries.

Another option would be to resolve how neighbouring domains constiin each other in a small
region of a SmC microstructure, i.e. by simulating a few domains using the nite elemern method.
The averaged behaviour of the microstructure could then be ext@polated to model a macroscopic
sample. Unfortunately the quasi-convex envelope of the smecti€ energy is not yet known, so
there is currently no constitutive model suitable for nite element modelling Sm-C elastomer.

Modelling interfaces in Smectic- A elastomer

The buckled microstructure of smecticA elastomers includes a large number of interfaces between
regions with di erently oriented directors, and each interface hasan energetic cost due to the Frank
elasticity. The behaviour of the post-buckled microstructure is in uenced by the interfacial energy
cost, as well as the rubbery elasticity. The interfacial energy cold be incorporated into existing
smectic-A models by adding the Frank elasticity splay term,

1
F= EK(V n)2+ Fsm a:

The complexity of this model could be reduced by considering a two diransional case. Minimizing
this energy would result in equations for the director orientation pro le. The time-dependence of
microstructure formation could also be be probed, as the displaceamt u responds in a viscous way
to the forces, i.e
@Qu_ F
=
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Layer creation in monodomain Smectic- A elastomer

A number of smecticA samples exhibit a stress-strain threshold, but do not show evidere of
a buckling instability [25, 28, 38]. Komp et al. suggest that new smectic layers are created
upon extension in their side-chain system [25]. Krameret al. argue that the defective layer
structure causes the breakdown of layers under strain. Beyeet al. associate the instability with
the unfolding of hairpin chains in their main-chain system [38]. These bkaviours are all similar,
in as much as they imply that mesogens can leave the smectic layer thestart in. Currently the
experimental evidence indicating that mesogens jump between laye in elastomer is indirect, but
layer formation is observed in SmA liquid crystals [11]. It may similarly be possible to directly
observe the propagation of layer defects in elastomers using op#t microscopy.

A simple model of these systems is to assume that the energetic ¢asf layer creation is linear in
strain . The creation of new layers would stretch the polymer chain backboe, so the associated
sti ness is likely to be comparable to the rubber modulus. The energtc cost of layer stretching
is %B 2. Interestingly this model results in a stress-strain threshold befaviour when stretching
parallel to the layer normal. At low strains it is energetically cheapestto deform by layer stretching,
but above a threshold layer creation becomes favourable, see ga 6.1

Figure 6.1: The stess-strain curve for the SmA monodomain of Komp et al. [25], with layer
stretching and layer creation deformation modes illustrated.

Modelling non-embedded layer reorientation

Experiments on main chain smectic€ polydomains indicate that the layers do not deform like
embedded planes, as the layer normals do not rotate away from thetretch axis at high strain
[33, 34]. Instead these samples reorient to form a pseudo-monomain, with the director parallel
to the stretch axis. The layers in these systems appear to have aadditional freedom, which might
be expected if the deformation mode does not preserve the sméctiayers, e.g. hairpin unfolding
in main-chain systems or layer creation in highly defective samples.

Sanchez-Ferrer et al. observe that a pseudo-monodomain stretched perpendicular tohe director
reorients to form a pseudo-monodomain with the director parallel b the stretch axis once > 6 [15].
The corresponding modulus is rubbery, indicating a xed layer spacimg. A tentative explanation
is that the deformation mode creates additional layers, which pernts the layer normals to rotate
towards the stretch axis. This freedom allows the layer normals to e maintained at the tilt angle
relative to the stretch axis, so that the director is aligned with the stretch direction. Currently
there is no quantitative model of non-embedded layers. The layer armal orientation would be
dependent on the proportion of created layers, and the deformon matrix.



Appendix A

Smectic- C Energy Minimization Routine

A Fortran 90 program to minimize the semi-soft smecticC energy is given here. In this program the
tilt angle is taken as xed and not minimized over. The minimization is performed by a subroutine
simann, which implements the simulated annealing algorithm described by Go eet al. [75]. The
code for the simann subroutine is not included here, as it is identical in function to the original
implementation. Suitable minimization control parameters for successful minimization are T =

1.0, RT = 0.95, NS = 20, NT = 10 and MAXEVL = 800000.

1969%09%6%0%%%% %% %% %% %% %% %% %% %% %% % %% % WH YW W Ve W W W WSEY6Y0 %0 % %%

1% Define the global variables

%

1969%0%6%0%%%% %% %% %% %% %% %% %% %% %% % %% % WH VW W W W MW WSVEY6Y0 %0 % %%

module globvars
implicit none

integer, parameter :: SP = kind(1.0d0)

integer, parameter :: WP = kind(1.0d0)

! The reduced smectic modulus B/mu is bmod, the tilt modulus i s cmod,

I and the semi-soft parameter is alpha.

I The initial tilt angle is O, the tilt angle is gangle,

I and the polymer anisotropy is ranist. The imposed Ixx strai n is limp.

I The initial orientation of n and k are (nx0,ny0,nz0) and (kO X, kOy, k0z).
! The nematic, smectic, semisoft and tilt energies are fnem, fsm, fss, ftilt.

real (kind = WP) :: bmod, cmod, alpha, g0, gangle, ranist,&
& limp, nx0, ny0, nz0, kOx, kOy, kOz, fnem, fsm, fss, ftilt
end module globvars

module function
use globvars
implicit none
contains

1969%0%6%0%%% % %% %% %% %% %% %% %% %% % %% %% % WH VW Ve W W W WSVEY6Y0 %0 % %%

1% Functions to return the smectic-C energy

%

1969%0%6%0%%% % %% %% %% %% %% %% %% %% % %% %% % WV Ve W W W WSVEY6Y0 %0 % %%

function fnemenergy(kOx, kOy, kOz, nx0, nyO, nzO, nx, ny, nz
real (SP) :: fnemenergy
real (SP) , intent(in) :: kOx, kOy, kOz, nx0, nyO, nzO, nx, ny,

fnemenergy = (Izz**2*(1 + nz**2*(-1 + l/ranist))*(1 + nz0**

& (ny*nz*(Ixx*lyz*lzz + nzO*(ny0 + Ixx*lyz*lzz*nz0)*(-1 +

& ((Ixx**2*(1 + nx0**2*(-1 + ranist)) + Ixy**2*(1 + ny0**2*(
& Ixz**2*(1 + nz0**2*(-1 + ranist)) + 2*Ixy*Ixz*ny0*nz0*(-
& 2*hxx*nx0*(Ixy*ny0 + Ixz*nz0)*(-1 + ranist))*(nx**2*(-

& ((1 + Ixx**2*lyz**2*|zz**2*(1 + nz0**2*(-1 + ranist)) + ny
& 2*¥Ixx*lyz*lzz*ny0*nz0*(-1 + ranist))*(ny**2*(-1 + rani

& (Ixx**2*|zz**2*ranist) + (2*nx*ny*(-Ixy - Ixx*lyz*lzz*

& (Ixx*nx0 + Ixy*ny0 + Ixz*nz0)*(-1 + ranist)) - nyO*(Ixx*nx
& (-1 + ranist))*(-1 + ranist))/(Ixx*lzz*ranist) - (2*lzz*

& (Ixx*nx0 + Ixy*ny0 + Ixz*nz0)*(-1 + ranist))*(-1 + ranist)
& (Ixx*lyz*lzz + nzO0*(ny0 + Ixx*lyz*lzz*nz0)*(-1 + ranist)
end function fnemenergy

function fssenergy(kOx, kOy, kOz, nx0, nyO, nz0O, nx, ny, nz,
real (SP) :: fssenergy
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., Ixx, Ixy, Ixz, lyz, 1zz)

nz, Ixx, Ixy, Ixz, lyz, lzz
2*(-1 + ranist)) + &
ranist))*(-1 + 1/ranist))/Ixx - &
-1 + ranist)) + &
1 + ranist) + &
1 + ranist) - ranist))/ranist - &
0**2*(-1 + ranist) + &
st) - ranist))/&
(Ixz + nz0*&
0 + Ixy*ny0 + Ixz*nz0)*&
nx*nz*(Ixz + nz0*&
)ranist - (ny*nz*&
)*(-1 + ranist))/(Ixx*ranist))/2.

Ixx, Ixy, Ixz, lyz, 1zz)
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real (SP) , intent(in) :: kOx, kOy, kOz, nx0, ny0, nzO, nx, ny, nz, Ixx, Ixy, Ixz, lyz, lzz
fssenergy = -(alpha*(ny**2*(-1 + (ny0 + Ixx*lyz*lzz*(-1 + n z0))*&

& (ny0 + Ixx*yz*lzz*(1 + nz0))) + &

& Ixx**2*zz**2*(Izz**2*nz**2*(-1 + nz0**2) + &

& 2*lzz*nx*nz*(Ixx*nx0*nz0 + Ixy*ny0*nz0 + Ixz*(-1 + nzO** 2) + &

& nxF2*(Ixx**2*(-1 + nx0**2) + Ixy**2*(-1 + ny0**2) + &

& 2*Ixy*Ixz*ny0*nz0 + 2*Ixx*nx0*(Ixy*ny0 + Ixz*nz0) + &

& Ixz**2*(-1 + nz0**2))) + &

& 2*Ixx*lzz*ny*(1zz*nz*(ny0*nz0 + Ixx*lyz*lzz*(-1 + nzO* *2) + &

& nx*(-Ixy + nyO*(Ixx*nx0 + Ixy*ny0 + Ixz*nz0) + &

& Ixx*lyz¥lzz*(-Ixz + nzO*(Ixx*nx0 + Ixy*ny0 + Ixz*nz0)))) N/&

& (2.*Ixx**2*|zz**2)

end function fssenergy

function fsmenergy(kOx, kOy, kOz, Ixx, Ixy, Ixz, lyz, 1zz)

real (SP) :: fsmenergy

real (SP) , intent(in) :: kOx, kOy, kOz, Ixx, Ixy, Ixz, lyz, Iz z
fsmenergy = (bmod*(-1 + 1/&

& Sqrt(kOx**2/Ixx**2 + (kOy*Ixx*|zz - kOx*Ixy*|zz)**2 + &

& (KOy*Ixx*lyz + (kOx*Ixz - Ixx*(kOz + kOx*Ixy*lyz*|zz))/&

& (Ixx*1zz))**2))**2)/2.

end function fsmenergy

function ftiltenergy(q0, gangle)
real (SP) :: ftiltenergy
real (SP) , intent(in) :: g0, gangle
ftiltenergy = (cmod*(cos(g0)**2 - cos(gangle)**2)**2)/2
end function ftiltenergy

1%69%6%% %% % %% % %% %% %6 %% %% % %% %% % %% %0 % % W W W W W W W VW WV V0% %0 % Yo

1% Subroutine that recieves the point xc from simann %

1% and returns the Smectic-C energy %

1%69%6%%% %% % %% %% %% %6 %% %% % %% %% % %% %0 % % W VW W W WY WV VY0 %0 % % Yo
SUBROUTINE FCN(n,xc,funct)

integer, intent(in) :: n

real (SP), intent(in) :: xc(n)

real (SP) ftotal, funct

real (SP) :: fnem, fsm, fss

real (SP) :: k1, k2, k3, cl, c2, c3, Ixx, Ixy, Ixz, lyz, lzz, p, n X, ny, nz

call conv_vars(xc, Ixy, Ixz, lyz, 1zz, p)

Ixx = limp

k1l = kx(Ixx, Ixy, Ixz, lyz, 1zz)

k2 = ky(Ixx, Ixy, Ixz, lyz, 1zz)

k3 = kz(Ixx, Ixy, Ixz, lyz, 1zz)

cl = cx(k1, k2, k3, p)

c2 = cy(k1, k2, k3, p)

c3 = cz(k1, k2, k3, p)

nx = k1* cos(q0) + cl * sin(q0)

ny = k2* cos(g0) + c2 * sin(q0)

nz = k3* cos(q0) + c3 * sin(q0)

fnem = fnemenergy(kOx, kOy, kOz, nxO, nyO, nz0O, nx, ny, nz, Ix X, Ixy, Ixz, lyz, 1zz)
fss = fssenergy(kOx, kOy, kOz, nx0, nyO, nzO, nx, ny, nz, Ixx, Ixy, Ixz, lyz, 1zz)

fsm = fsmenergy(kOx, kOy, kOz, Ixx, Ixy, Ixz, lyz, 1zz)

ftotal = fnem + fsm + fss
funct = 1.0/ftotal

RETURN
END Subroutine

1%69%6%%%%% % %% %% %% %6 %% %% % %% %% % %% % % % W VW W W W WV WYV 0 %0 %0 % % Yo

1% Subroutine to convert the parameters x(:) from %

1% the range [0,1] into physical variables. %

1%9%6%%9%6%%%%6%6% %% %% %% %% %% % %% % %% % % Y WU W WY WHYEWH60%0 %0 %% Yo
subroutine conv_vars(x, Ixy, Ixz, lyz, 1zz, p)

real(SP), intent(in) :: x(:)
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real(SP), intent(out) :: Ixy, Ixz, lyz, lzz, p

Ixy = (x(1)-0.5)*3

Ixz = (x(2)-0.5)*3

lyz = (x(3)-0.5)*3

lzz = 0.5+x(4)

p = 0.0+x(5)*2*3.141592

end subroutine conv_vars

196%%%% %% %%6%6%6%6%%%%% %% %% %% % % %% %% % YW % YW WY YW VeV5Y6Y0 %0 % %6 %
1% Functions to return the values of the %

1% layer normal and director %

196%%%% %% %%%%%%%%%%6%%%% %% % %% % %% % YW W Y Ve WV W W WV 0 %0 %0 %%
function cx(kl, k2, k3, p)

real (SP) :: cx
real (SP) , intent(in) :: k1, k2, k3, p
cx = - ( Sgrt(k2**2 + k3**2)*Cos(p) )

end function cx

function cy(k1, k2, k3, p)
real (SP) :: cy
real (SP) , intent(in) :: k1, k2, k3, p
cy = - ( -((k1*k2*Cos(p))/Sqrt(k2**2 + k3**2)) + &
& Sart(l - k2**2)*Sqrt(-(k3**2/((-1 + k2**2)*(k2**2 + k3** 2))))*Sin(p) )
end function cy

function cz(k1, k2, k3, p)
real (SP) :: cz
real (SP) , intent(in) :: k1, k2, k3, p

cz = - ( -((KI*k3*Cos(p))/Sqrt(k2**2 + k3*2)) - &
& (k2*Sqrt(l - k2**2)*Sqrt(-(k3*2/((-1 + k2*2)*(k2*2 + k3*2))))*Sin(p))/&
& k3)

end function cz

function kx(Ixx, Ixy, Ixz, lyz, 1zz)

real (SP) :: kx
real (SP), intent(in) :: Ixx, Ixy, Ixz, lyz, lzz
kx = kOx/(Ixx*Sqrt(kOx**2/Ixx**2 + (kOy*Ixx*|zz - kOx*Ixy *zz)**2 + &
& (kOy*Ixx*lyz + (kOx*Ixz - Ixx*(k0z + kOx*Ixy*lyz*|zz))/( Ixx*zz))**2))

end function kx

function ky(Ixx, Ixy, Ixz, lyz, 1zz)

real (SP) :: ky
real (SP), intent(in) :: Ixx, Ixy, Ixz, lyz, lzz
ky = ((kOy*Ixx - kOx*Ixy)*1zz)/&
& Sqrt(kOx**2/Ixx**2 + (kOy*Ixx*zz - kOx*Ixy*|zz)**2 + &
& (KOy*Ixx*lyz + (KOx*Ixz - Ixx*(kOz + kOx*Ixy*lyz*Izz))/( IXx*|zz))**2)

end function ky

function kz(Ixx, Ixy, Ixz, lyz, 1zz)

real (SP) :: kz
real (SP), intent(in) :: Ixx, Ixy, Ixz, lyz, 1zz
kz = (-(kOx*Ixz) + Ixx*(k0z + (-(kOy*Ixx) + kOx*Ixy)*lyz*z 2))/&
&  (xtlzz*Sqrt(kOx**2/Ixx**2 + (kOy*Ixx*Izz - KOx*Ixy*| 22)**2 + &
& (kKOy*Ixx*lyz + (kOx*Ixz - Ixx*(kOz + kOx*Ixy*lyz*1zz))/( Ixx*12z))**2))

end function kz
end module function

1%9%6%%9%6%%%%6%6%% % %% %% %% %% % %% % %% % % Y WU W W WYV WHV0 %0 %6 % Yo
1% Minimize the Smectic-C Semisoft Energy %

1% for the case of a fixed tilt angle %

1%9%6%%9%6%%%%6%6%% % %% %% %% %% % %% % %% % % Y WU W W WYV YWHV0 %0 %6 % Yo
program main

use globvars

use function

implicit none

| Define the variables used in the program.
integer, parameter :: n=5 ! n is the number of variables to be m inimized over.
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real (SP) :f, fold, xc(n) I f is the energy, xc(n) are the opti mised variables on the range [0,1].
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integer :: i, STEPS

real (SP) :: c1, c2, c3, k1, k2, k3, nx, ny, nz

real (SP) :: straininc ! the increment of imposed strain.

real(SP) :: Ixx, Ixy, Ixz, lyz, Izz, p ! the strain tensor comp onents and the director rotation angle.

| Define the material parameters

bmod = 60
ranist = 2
g0 = 0.50
alpha = 0.05

! Define the initial layer normal and director
kOx = cos(q0)

kOy = 0.
k0z = sin(q0)
nx0 = 1.
ny0 = 0.
nz0 = 0.

! Open a file to store the data in
open (unit=110, file="paran0_B=60_alpha=0.05.dat', sta tus= 'OLD',ACCESS="SEQUENTIAL")

fold = 1.5

straininc = 0.001
STEPS = 400

do i = 0, STEPS-1
limp = 1. + i*straininc

! Find the energy minimum at the imposed strain by calling sim ann.
call simann(limp, f, xc)

I Convert the array xc into physical variables.
call conv_vars(xc, Ixy, Ixz, lyz, 1zz, p)

= limp
= kx(Ixx, Ixy, Ixz, lyz, 1zz)
k2 = ky(Ixx, Ixy, Ixz, lyz, 1zz)

k3 = kz(Ixx, Ixy, Ixz, lyz, 1zz)

cl = cx(k1, k2, k3, p)

c2 = cy(kl, k2, k3, p)

c3 = cz(kl, k2, k3, p)

nx = k1* cos(q0) + c1 * sin(g0)

ny = k2* cos(q0) + c2 * sin(q0)

nz = k3* cos(q0) + c3 * sin(q0)
fnem = fnemenergy(kOx, kOy, kOz, nxO, nyO, nz0O, nx, ny, nz, Ix X, Ixy, Ixz, lyz, 1zz)
fss = fssenergy(kOx, kOy, kOz, nx0, nyO, nzO, nx, ny, nz, Ixx, Ixy, Ixz, lyz, 1zz)

fsm = fsmenergy(kOx, kOy, kOz, Ixx, Ixy, Ixz, lyz, 1zz)

20 format(E20.5,1X, E20.5,1X, E20.5,1X, E20.5,1X, E20.5, 1X, E20.5,1X, &
&E20.5,1X, E20.5,1X, E20.5,1X, F11.6,2X, F11.6,2X,E20.5 X, &
&E20.5,1X,E20.5,1X,E20.5,1X,E20.5,1X,E20.5,1X, E20.5 JAX,E20.5 &
&,1X,E20.5,1X)

write(110,20) limp, Ixy, Ixz, lyz, 1/(limp*lzz), 1zz, nx, n y, nz, f, (f-fold)/straininc,&
& nx**2+ny**2+nz**2, nx*kl+ny*k2+nz*k3, k1, k2, k3, fnem, fsm, fss, p

fold = f

enddo

end program main



Appendix B

Compositional Fluctuations Model of
Biaxial LCE

A biaxial LCE has di erent polymer anisotropy tensor lengths in the t wo directions perpendicular
to the director, see gure B.1.

Figure B.1: The biaxial shape ellipsoid has semi-axis Iengtrl? 1 T in direction k and semi-axis
length ~ 1+ Ez in direction m.

We can write down the biaxial anisotropy step-length tensor, o, and its inverse,” 1,

<p> <p>
o= _+(<r> 1ngng + p2 m, mg p2 kokg; (B.1)
1 1 1
1 T T T.
- T s nn + Wmm + 17<,)>KK ; (B.2)

where<r > and <p > are the mean chain anisotropies.

Now consider the step-length tensors of only the " polymer chain. The simplest model takes ()
and p{ ) as independent of each other,

( ()
;8 ) = _+( r() 1)nynd + meomE pTKOKgi (B.3)
1 1 1
M= —pnt + mm' + kk': (B.4)
= r( ) 1+ ]& 1 M
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The step-length tensors for the " polymer chain can also be written as,

<p> <p>
;g)=:+(<r> 1ngng + sz my mg p2 ko kg
| { }
=0 (B.5)
() <p> () >
+(r0) <r>)nynd + P mymg + P, =P kok{;
2 2 2
1 1
=l():<r>nnT+1+<p> mmT+1 5 kK
2{2 2 }
- | | (B.6)
1 1 1 1 1
+ % nn' + = &~ mm' + = o kk':
r <r=> 1+ 8- 1+ 1 5 1
The free energy density is the average over all polymer chains,
Fa < T_ 250 T 110> (B.7)
So the free energy density can be written as,
() <p> () <p>
Fo <Tl_ Co+(rl) <r>)ngng + DT g mymg + p7+ D ko)
! !
1 1 1 1 1 1
T 1 = T T T
- Lo o MY e res BB g pome KO
(B.8)
Expanding out this expression for the free energy density leads td6 terms.
Fa <T_ o _" > %> 1)
+<T_ O <r>)ngng T 1> )
() <p>
vl S ST memd Tl ®)
() <p> T T .1
+ < Tr —+ 5 koko _ . 71> (4)
1 1
T - T
+<T_ L = =5 nn'l> (5)
1 1
() T - T
+ < Tr[= (r <r> )nOnO r( ) <r> nn ]> (6)
()
p <p> T T 1 1 T
+ < T > meMy _ 5 ;5 odnl> (7)
()
p <p=> T T 1 1 T
+ < Tr[_ T+ 3 ko Ko | FORPTES nn']> (8)
+<T_ o _" ! mm']> ©)
!
+<T_ (rC) <r>)nynd _T 1 = m']> (10)
= 00 = 1 p(z_) 1+ <p> LLLYELN
()
P <p=> TOT 1 1 T
+ < Tr[= T 2 momo = 1+ p(z_) 1+ ﬂazl mm ]> (11)
!
()
P <p> T T 1 1 T
+ < Tr[= + 2 koKo 1+ % 1+ <p> mm ]> (12)
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< 1 1
+<T_ o _" T 1 kk'1> (13)
2 2 |
+ < Tr[_ (r <r>)ngng 5 @ kk']> (14)
1 5 2 |
()
p <p=> 1 1
2 2
() '
P <p> TOT 1 1 T
+ < Tr[_ — + Ko Ko kk']> (16)
2 ERE
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(B.9)

Terms (2), (3), (4), (7), (8), (10), (14) average to zero (assming r{) and p( ) are independent

variables).

Group together terms (5) + (6) =

1
<r>

1
<> <T_ C nonj+

Group together terms (9) + (11) + (12) =
!

1 1 <p> r <p> -
+ < > <Tr_ (_+(<r> 1nynl + mym{ ko kg)
1+27 1+ 2 2
1 <p>
+ 1 <1+%>(1+ 5 ) <Tr[= momg =T mmT]>
<p>
1 <1+g_>(1+ 5 ) <'|"r[= kok{ T mmT]> |
1 1 1 1
=< Tr[_ (_ < i +(<r> 1) < ST nyny
2 -, 2 2
1 <p> 1 T 1 <p> 1
1 <1+§> 2 1+ % Mo Mo 1 <1+§> 2 1+
Group together terms (13) + (15) + (16) =
|
1 1 T <p> r <p> -
A I <M (C+(<r> Dngng + 5 Mo My Koko) _
2 2
<p>
1 < g>(1 —— <T_ memj _T kk']>
1 <p>
+ 1 < %>(1 —— < Tr_ kokd _T kk']>
I I
1 1 1 1
=< Tr[_ (_ ST P> [ +(<r> 1) ST P> [ nyng
2, 2 2 |
1 <p> 1 T 1 <p> 1
EREEE IR A A

Altogether the free energy density is,

Fa <T_ o _" > 14>

+ < >

< Tr_ (

1
r <r>

']
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1 1 1 1
+ < Tr[_ (L <1+2_> 1+302>_ +(<r> 1) <1+%> 1+302>_ nyny
| H
1 1 T 1 1 Ty T T
1+SJZL < 1+g> momo 1+332>_ < 1+g_> KOKO) — mm ]>
I I
1 1 1 1
+<Tr_ (L <1 5 > T +(<r> 1) <7 5 > T nyny
2 2 3 2
1 1 T 1 1 T T T
< > Mgmg + < > kokp) ' kk']>
e e T
(B.10)

In nality the biaxial semi-softness term is,

1 1 <p> <p>
Fss <S> <Tr[='( 1+ > mem{ + 1 —5 kok?) _T nnT]>
+ < ! > ! <Tr[_ (<r>n_gnl +2kekd) T mm']>
1+ B 1+ P> = —0 -0 RoRo) = 1IN
2 2 |
1 1
*os 1 P > 1 <T_ (<r>n_onj +2mem{) _T kk']>: (B.11)

2

If we had assumed thatr( ) and p¢ ) were not independent then the terms inFss would still all be
present, but weighted by di erent factors.

Due to the convexity of 2 the factor < 1> _L1- s positive.

<r>

The factors < -1, > —L
1+ 5 1+ 2

and < 1—1E > 1. are also positive.
4 S

2




Appendix C

Smectic- A Finite Element Material
Routine

The smectic-A elastomer material model encoded as a user subroutine, uanisobgr_smecticA.f,
is given here. An example input le, smecticA.inp, is also included. UsingAbaqus 6.10 the
simulation can be run from the command-line with,

"/scratch/Commands/abaqus job=SmA input=smecticA.inp u ser=uanisohyper_smecticA.f".

The input le speci es the case of stretching of a unit cube of smecic-A elastomer between rigid

clamps. The geometry of the stretch is as follows. Two nodes, A atQ,0,0) and B at (1,1,1),

are de ned at corners of the unit cube. The \x=0" and \x=1" face s of the cube are rigidly

kinematically constrained to nodes A and B respectively. During the $retching step node A is

stationary, whereas node B is displaced a distance of 0.64 in the x-diction; stretching the cube

the in x-direction. The cube is meshed with only two C3D8H elements; he faces of the elements
meet on the x=0.5 plane.

The material, UANISCSMAIs de ned to use the invariant formulation of anisotropic hypereladticity,
i.e. it calls a UANISOHYPHRY user subroutine. It is important that incompressibility is enforced,
as the smecticA model requires this. The material is speci ed with one anisotropy direction,
corresponding to the initial layer normal direction. The orientation of the anisotropy direction,
ori-1, is given here as thex-direction. The material parameters arer = 2:0, B/ = 60:0 and
cwr =0:14.

The parameter, depvar=7, sets the number of components held yothe SDV array. Nodal forces
and displacements are output to the output database le, as well & engineering strains, stresses
and the contents of the SDV array.

Example input le: smecticA.inp

*Heading
*Preprint, echo=NO, model=NO, history=NO, contact=NO

*%

** PARTS

*%

*Part, name=Elastomer

*Node

0.5,

0.5,
0.,
0.,

0.5,
0.,
0.,

0.5,
1,
1.,

SCooNoMLONE
orkrkPrPPROOOO
PPOORPPOREPO

[any
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11, 1., 0., 0.
12, 1., 1., 0.

*Element, type=C3D8H

1, 8,5 6,7, 1, 2 3,4

2, 5 2 1, 8 9 10, 11, 12

*Nset, nset=A

4,

*Nset, nset=B

9,

*Nset, nset=All, generate

1, 12, 1

*Elset, elset=All

1,2

*Elset, elset="_x=0_S5", internal

1,

*Surface, type=ELEMENT, name="x=0"

"_x=0_S5", S5

*Elset, elset="_x=1_S2", internal

2,

*Surface, type=ELEMENT, name="x=1"

" x=1_S2", S2

*orientation,name=ori-1,local directions=1

1.0,0.0,0.0,0.0,1.0,0.0

3,0.0

1,00

** Section: Section-1

*solid section, elset=All, material=UANISO_SMA,orienta tion=ori-1

1.

*End Part

*k

** ASSEMBLY

*k

*Assembly, name=Assembly

*%

*Instance, name=Elastomer-1, part=Elastomer

*End Instance

*k

*Node
1, 0., 0., 0.

*Node
2, 1., 1., 1.

** Constraint: A_to_x=0

*Coupling, constraint name="A_to_x=0", ref node=Elastom er-1.A, surface=Elastomer-1."x=0"

*Kinematic

** Constraint: B_to_x=1

*Coupling, constraint name="B_to_x=1", ref node=Elastom er-1.B, surface=Elastomer-1."x=1"

*Kinematic

*End Assembly

*k

** MATERIALS

*k

*material,name=UANISO_SMA

*anisotropic hyperelastic,user,formulation=invariant , local directions=1,type=incompressible,properties=3

2.0,60.0,0.14

*DEPVAR

7

*%

*k

** STEP: Stretch

*%

*Step, name=Stretch, nlgeom=YES, inc=400
*Static

0.01, 1., 1e-05, 0.01

*%

* BOUNDARY CONDITIONS

*%

** Name: Fix_A Type: Displacement/Rotation
*Boundary
Elastomer-1.A,
Elastomer-1.A,
Elastomer-1.A,
Elastomer-1.A,

AWM R
BWN R
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Elastomer-1.A, 5, 5

Elastomer-1.A, 6, 6

** Name: Move_B Type: Displacement/Rotation
*Boundary
Elastomer-1.B,
Elastomer-1.B,
Elastomer-1.B,
Elastomer-1.B,
Elastomer-1.B,
Elastomer-1.B,

*%

*»* OUTPUT REQUESTS

*%

0.64

oA wWN R
cuhwN R

*Restart, write, frequency=0

*%

** FIELD OUTPUT: F-Output-1
*%

*Qutput, field

*Node Output

RF, U

*Element Output, directions=YES
NE, S, SDV

*k

** HISTORY OUTPUT: H-Output-1
*%

*Qutput, history

*Energy Output

ALLAE,
*End Step
Smectic- A Elastomer Material Subroutine: uanisohyper _smecticA.f
¢ This material model encodes the smectic-A elastomer energ y, of theorem 1.2. in
¢ "Relaxation of some transversally isotropic energies and applications to smectic-A elastomers" (2007).
¢ An additional energy term, cmu*Ainv(2), has been included to
¢ account for the energy of deforming post-buckled layers.
¢ The energy is written in terms of five invariants, Ainv(1) t o Ainv(5).
¢ The parameter b is defined with a small epsilon parameter in cluded
¢ inside the square root term, to avoid subtractive cancella tion errors.
¢ The routine must be used with incompressiblity enforced on the input file.
subroutine uanisohyper_inv (ainv, ua, zeta, nfibers, ninv ,
$ uil, ui2, ui3, temp, noel, cmname, incmpflag, ihybflag,
$ numstatev, statev, numfieldv, fieldv, fieldvinc,
$ numMprops, props)

include 'aba_param.inc'

character*80 cmname, CHARV
dimension ua(2), ainv(ninv), uil(ninv),

$ ui2(ninv*(ninv+1)/2), ui3(ninv*(ninv+1)/2),
$ statev(numstatev), fieldv(numfieldv),
$ fieldvinc(numfieldv),props(numprops),
$ INTV(ninv),REALV(ninv)
c ainv: invariants
c ua : energies ua(l): utot, ua(2); udev
c uil : dudl
c ui2 : d2u/didJ
c ui3 : not used for regular elements; for hybrid define d3U/d J3
parameter ( half = 0.5d0,
* zero = 0.dO,
* one = 1.dO,
* two = 2.dO,
* three= 3.d0,
* four = 4.dO,
* five = 5.dO,
* six = 6.dO,
* twt4 = 24.dO,
*

index_I1 = 1,
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* index_12 = 2,
* index J =3 )
DOUBLE PRECISION k, r, dO, Bmu, lambda, Cmu, Q, t
Integer noel
¢ The material parameter values are read in here.
c r is the polymer anisotropy
¢ Bmu is B divided by mu
¢ Cmu the Mooney-Rivlin coefficient
r = props(1)
Bmu = props(2)
Cmu = props(3)
rll = ainv(index_I1)
rl2 = ainv(index_12)
rJ = ainv(index_J )
rllm3 = rll1 - three
r2m3 = rl2 - three
dml =1rJ - one
¢ Calculate the value of k.
k = (Bmu**4*r+*0.3333333333333333)/(1 + Bmu - r)**3
¢ Calculate the value of the initial layer spacing q.
d0 = (one + (one - r)/Bmu)/r**0.3333333333333333
¢ Calculate the value of lambda_0
lambda = Sqrt(do/4. - 1/(4.*k) +
- Sgrt((1 - dO*k)**2/(4.*k**2) -
- (4*2*+0.3333333333333333)/
- (-27 + 54*d0*k - 27*d0**2*k**2 +
- Sqrt(6912*k**3 + 729*(1 - dO*k)**4))**
- 0.3333333333333333 +
- (-27 + 54*d0*k - 27*d0**2*k**2 +
- Sqrt(6912*k**3 + 729*(1 - dO*k)**4))**
- 0.3333333333333333/
- (3.%2*%0.3333333333333333*k))/2. +
- Sort((1 - dO*k)**2/(2.*k**2) +
- (4*2*+0.3333333333333333)/
- (-27 + 54*d0*k - 27*d0**2*k**2 +
- Sqrt(6912*k**3 + 729*(1 - dO*k)**4))**
- 0.3333333333333333 -
- (-27 + 54*d0*k - 27*d0**2*k**2 +
- Sqrt(6912*k**3 + 729*(1 - dO*k)**4))**
- 0.3333333333333333/
- (3.%2*%0.3333333333333333*k) -
- (1 - do*k)**3/
- (4.%k**3*Sqrt((1 - dO*k)**2/(4.*k**2) -
- (4*2**0.3333333333333333)/
- (-27 + 54*d0*k - 27*d0**2*k**2 +
- Sqrt(6912*k**3 + 729*(1 - dO*k)**4))**
- 0.3333333333333333 +
- (-27 + 54*d0*k - 27*d0**2*k**2 +
- Sqrt(6912*k**3 + 729*(1 - dO*k)**4))**
- 0.3333333333333333/
- (3.2**0.3333333333333333*k))))/2.)
¢ The parameter t is defined here to be (lambda_0)**-6,
c It is used to rescale the energy; changing its equilibrium p oint.
t= lambda**(-6.0)
c Values of parameters during intermediate analysis steps ¢ an be output to the .msg file, e.g.
c REALV(1) = b
c REALV(2) = d
c INTV(1) = noel
c CALL STDB_ABQERR(1," %R %R %l #b,d,noel",INTV,REALVRWA
c The Epsilon parameter inside the square-root term of b is ca lled Epslol.
Epslol = 1.D-5
c The invariant terms inside the square-root term of b are cal led Q.
c It is important to ensure Q is positive.
Q = (Ainv(1)+Ainv(4))**2 - 4*(Ainv(2)+Ainv(5))
Q = Max(0.0.Q)
c Here b and d represent the high temperature b and d values, i. e. these are not btilde and dtilde

b = (Sart(epslol + Q) + Ainv(1) - Ainv(4))/
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- (2.*t**0.3333333333333333)

d = ((Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))**0.5/
- t*%0.3333333333333333

c Test if the point is inside the asymmetric solid region (AS)
IF(d.GE.k*b*d0/(k*b+1)) THEN

c STATEV(1) outputs the region of the energy, AS=1, UB=2, BB= 3.
STATEV(1)=1.00000

c ua(2) represents the AS energy
ua(2)= b + d**2/b + (d - dO)**2*k +
- t**0.6666666666666666*Ainv(4)
ua(2)= ua(2) + Cmu*Ainv(2)

c uil contains the first derivatives of the AS energy
uil(l) = (1 - (4*Ainv(4))/(Sart(epslol + Q) +
- Ainv(1) - Ainv(4)) +
- (Ainv(1) + Ainv(4))/Sart(epslol + Q) -
- (4*(1 + (Ainv(1) + Ainv(4))/Sqrt(epslol + Q))*
- (Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
- (Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2 +
- 2*k*Ainv(4)*(-t**(-0.3333333333333333) +
- dO/Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
- (2.***0.3333333333333333)

uil(2) = ((epslol + Q - Ainv(1)**2 + 4*Ainv(2) -

- 2*Ainv(1)*Ainv(4) -

- Ainv(4)**2 + 4*Ainv(5))/

- (Sart(epslol + Q)*

- (Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
- k*(t**(-0.3333333333333333) -

- do/Sart(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
- t*0.3333333333333333

uil(3) = zero

uil4) = (-1 + 2%t - (4*Ainv(1))/

- (Sart(epslol + Q) + Ainv(1) - Ainv(4)) +

- (Ainv(1) + Ainv(4))/Sart(epslol + Q) -

- (4*(-1 + (Ainv(1) + Ainv(4))/Sqart(epslol + Q))*
- (Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/

- (Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +

- 2*k*Ainv(1)*(-t**(-0.3333333333333333) +

- do/Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
- (2.***0.3333333333333333)

uil(5) = ((epslol + Q - Ainv(1)**2 + 4*Ainv(2) -

- 2*Ainv(1)*Ainv(4) -

- Ainv(4)**2 + 4*Ainv(5))/

- (Sart(epslol + Q)*

- (Sart(epslol + Q) + Ainv(1) - Ainv(4))**2) +

- k*(t**(-0.3333333333333333) -

- do/Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
t*%0.3333333333333333

uil(1)= ui1(1)
uil(2)= uil(2) + Cmu
uil(3)= ui1(3)
uil(4)= uil(4)

uil(5)= uil(5)
c ui2 contains the second derivatives
ui2(1) = ((8*t**0.3333333333333333*Ainv(4)*
- 1 + (Ainv(1l) + Ainv(4))/Sqgrt(epslol + Q)))/
- (Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +
- (t**0.3333333333333333*
- (epslol + Q - (Ainv(1l) + Ainv(4))**2))/
- (epslol + Q)**1.5 +
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(4*t**0.3333333333333333*
(epslol + Q - (Ainv(l) + Ainv(4))**2)*
(-Ainv(2) + Ainv(1)*Ainv(4) - Ainv(5)))/
((epslol + Q)**1.5*

(Sart(epslol + Q) + Ainv(1l) - Ainv(4))**2) +
(k*Ainv(4)**2)/(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) +
(8*t**0.3333333333333333*

1 + (Ainv(1l) + Ainv(4))/Sart(epslol + Q))**2*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/

(Sart(epslol + Q) + Ainv(1) - Ainv(4))**3 -
(k*Ainv(4)**2*(-(d0*t**0.3333333333333333) +
Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*t**0.6666666666666666)

ui2(2) = ((-8*t**0.3333333333333333*Ainv(4))/

(Sart(epslol + Q)*

(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
(2*t**0.3333333333333333*(Ainv(1) + Ainv(4)))/
(epslol + Q)**1.5 -
(4*t**0.3333333333333333*

1 + (Ainv(1l) + Ainv(4))/Sqgrt(epslol + Q)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +
(16*t**0.3333333333333333*

(Sart(epslol + Q) + Ainv(1) + Ainv(4))*

(-Ainv(2) + Ainv(1)*Ainv(4) - Ainv(5)))/
((epslol + Q)*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4))**

3) - (k*Ainv(4))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) -
(8*t**0.3333333333333333*(Ainv(1) + Ainv(4))*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + Q)**1.5*

(Sart(epslol + Q) + Ainv(1l) - Ainv(4))**2) +
(k*Ainv(4)*(-(d0*t**0.3333333333333333) +

Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*1**0.6666666666666666)

ui2(4) = zero

ui2(7) = ((-4*t**0.3333333333333333)/
(Sart(epslol + Q) + Ainv(1) - Ainv(4)) +
(4*t**0.3333333333333333*Ainv(4)*
(-1 + (Ainv(1) + Ainv(4))/Sart(epslol + Q)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +
(4*t**0.3333333333333333*Ainv(1)*
1 + (Ainv(1l) + Ainv(4))/Sqgrt(epslol + Q)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +
(t**0.3333333333333333*
(epslol + Q - (Ainv(1) + Ainv(4))**2))/
(epslol + Q)**1.5 +
(4*t**0.3333333333333333*
(epslol + Q - (Ainv(l) + Ainv(4))**2)*
(-Ainv(2) + Ainv(1)*Ainv(4) - Ainv(5)))/
((epslol + Q)**1.5*
(Sart(epslol + Q) + Ainv(1l) - Ainv(4))**2) +
(k*Ainv(1)*Ainv(4))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) +
(8*t**0.3333333333333333*
(-1 + (Ainv(1l) + Ainv(4))/Sart(epslol + Q))*
1 + (Ainv(1l) + Ainv(4))/Sqgrt(epslol + Q))*
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**3 +
2*k*(-1 + (dO*t**0.3333333333333333)/
Sart(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))) -
(k*Ainv(1)*Ainv(4)*
(-(d0*t**0.3333333333333333) +
Sart(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*t**0.6666666666666666)

ui2(11) = ((-8*1*+0.3333333333333333*Ainv(4))/
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(Sart(epslol + Q)*

(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
(2*t**0.3333333333333333*(Ainv(1) + Ainv(4)))/
(epslol + Q)**1.5 -
(4*t**0.3333333333333333*

1 + (Ainv(1l) + Ainv(4))/Sqgrt(epslol + Q)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +
(16*t**0.3333333333333333*

(Sart(epslol + Q) + Ainv(1) + Ainv(4))*

(-Ainv(2) + Ainv(1)*Ainv(4) - Ainv(5)))/
((epslol + Q)*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4))**

3) - (k*Ainv(4))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) -
(8*t**0.3333333333333333*(Ainv(1) + Ainv(4))*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + Q)**1.5*

(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
(k*Ainv(4)*(-(d0*t**0.3333333333333333) +

Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*t**0.6666666666666666)

ui2(3) = ((do*k)/(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1 5 -
4/(epslol + (Ainv(1) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5)))**1.5 +
(32*(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + (Ainv(1l) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5)))*
(Ainv(1) - Ainv(4) +
Sqart(epslol + (Ainv(1) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5))))**3) +
(16*(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + (Ainv(1) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5)))**1.5*
(Ainv(1) - Ainv(4) +
Sqart(epslol + (Ainv(1l) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5))))**2) +
16/(Sqrt(epslol + (Ainv(1) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5)))*
(Ainv(1) - Ainv(4) +
Sqart(epslol + (Ainv(1l) + Ainv(4))**2 -
4*(Ainv(2) + Ainv(5))))**2))/
(2.*t**0.3333333333333333)

ui2(5) = zero

ui2(8) = ((-8*t**0.3333333333333333*Ainv(1))/

(Sart(epslol + Q)*

(Sart(epslol + Q) + Ainv(1l) - Ainv(4))**2) +
(2*t**0.3333333333333333*(Ainv(1) + Ainv(4)))/
(epslol + Q)**1.5 -
(4*t**0.3333333333333333*

(-1 + (Ainv(1) + Ainv(4))/Sart(epslol + Q)))/
(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2 -
(k*Ainv(1))/(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) -
(8*t**0.3333333333333333*(Ainv(1) + Ainv(4))*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + Q)**1.5*

(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) -
(16*t**0.3333333333333333*

(-1 + (Ainv(1) + Ainv(4))/Sqrt(epslol + Q))*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
(Sart(epslol + Q)*

(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**3) +
(k*Ainv(1)*(-(d0*t**0.3333333333333333) +

Sart(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*t**0.6666666666666666)

ui2(12) = (-4/(epslol + Q)**1.5 +
16/
(Sart(epslol + Q)*
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(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
(dO*k)/(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5 +
(32*(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/

((epslol + Q)*(Sqrt(epslol + Q) + Ainv(1) -
Ainv(4))**3) +
(16*(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + Q)**1.5*
(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2))/
(2.*1**0.3333333333333333)

ui2(6) = zero
ui2(9) = zero
ui2(13) = zero

ui2(10) = ((8*t**0.3333333333333333*Ainv(1)*
- (-1 + (Ainv(1) + Ainv(4))/Sqrt(epslol + Q)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 +
(t**0.3333333333333333*
(epslol + Q - (Ainv(1l) + Ainv(4))**2))/
(epslol + Q)**1.5 +
(4*t**0.3333333333333333*
(epslol + Q - (Ainv(l) + Ainv(4))**2)*
(-Ainv(2) + Ainv(1)*Ainv(4) - Ainv(5)))/
((epslol + Q)**1.5*
(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
(k*Ainv(1)**2)/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) +
(8*t**0.3333333333333333*

(-1 + (Ainv(1) + Ainv(4))/Sqart(epslol + Q))**2*
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**3 -
(k*Ainv(1)**2*(-(d0*t**0.3333333333333333) +

Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*t**0.6666666666666666)

ui2(14) = ((-8*t**0.3333333333333333*Ainv(1))/

(Sqrt(epslol + Q)*

(Sqrt(epslol + Q) + Ainv(1) - Ainv(4))**2) +
(2*t**0.3333333333333333*(Ainv(1) + Ainv(4)))/
(epslol + Q)**1.5 -
(4*t**0.3333333333333333*

(-1 + (Ainv(1) + Ainv(4))/Sqrt(epslol + Q)))/
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2 -
(k*Ainv(1))/(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)) -
(8*t**0.3333333333333333*(Ainv(1) + Ainv(4))*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + Q)**1.5*

(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2) -
(16*t**0.3333333333333333*

(-1 + (Ainv(1l) + Ainv(4))/Sart(epslol + Q))*

(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
(Sart(epslol + Q)*

(Sart(epslol + Q) + Ainv(1l) - Ainv(4))**3) +
(k*Ainv(1)*(-(d0*t**0.3333333333333333) +

Sqrt(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))))/
(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5)/
(2.*t**0.6666666666666666)

ui2(15) = (-4/(epslol + Q)**1.5 +
16/
(Sart(epslol + Q)*

(Sart(epslol + Q) + Ainv(1l) - Ainv(4))**2) +
(dO*k)/(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5))**1.5 +
(32*(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/

((epslol + Q)*(Sqrt(epslol + Q) + Ainv(1) -
Ainv(4))**3) +
(16*(Ainv(2) - Ainv(1)*Ainv(4) + Ainv(5)))/
((epslol + Q)**1.5*
(Sart(epslol + Q) + Ainv(1) - Ainv(4))**2))/

110



APPENDIX C. SMECTIC- A FINITE ELEMENT MATERIAL ROUTINE 111

(2.*t**0.3333333333333333)
ui2(1) = ui2(1)
ui2(2) = ui2(2)
ui2(4) = ui2(4)
ui2(7) = ui2(7)
ui2(11) = ui2(11)
ui2(3) = ui2(3)
ui2(5) = ui2(5)
ui2(8) = ui2(8)
ui2(12) = ui2(12)
ui2(6) = ui2(6)
ui2(9) = ui2(9)
ui2(13) = ui2(13)
ui2(10) = ui2(10)
ui2(14) = ui2(14)
ui2(15) = ui2(15)
c Test to see material is in the UB region of the energy
else if(b.GE.d0-(one/k)) THEN
STATEV(1)=2.00000
c This is the UB region energy
ua(2)= b + (d0**2*k)/(1 + b*k) +
Ainv(4)*t**0.6666666666666666
ua(2)= ua(2) + Cmu*Ainv(2)
c First Derivatives
uil(l) = (@ - (do**2*k**2)/
(1 + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/
(2.*t**0.3333333333333333))**2)*
1 + (Ainv(1) + Ainv(4))/Sqart(epslol + Q)))/
(2.*t**0.3333333333333333)
uil(2) = (-1 + (dO**2*k**2)/
@ + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/
(2.*t**0.3333333333333333))**2)/
(Sqrt(epslol + Q)*t**0.3333333333333333)
uil(3) = zero
uil(4) = (-1 + 2*t + (Ainv(l) + Ainv(4))/Sart(epslol + Q) -
(dO**2*k**2*(-1 +
(Ainv(1) + Ainv(4))/Sqart(epslol + Q)))/
@ + (k*(Sqrt(epslol + Q) + Ainv(1) - Ainv(4)))/
(2.*t**0.3333333333333333))**2)/
(2.*t**0.3333333333333333)
uil(5) = (-1 + (dO**2*k**2)/
1 + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/
(2.*t**0.3333333333333333))**2)/
(Sqart(epslol + Q)*t**0.3333333333333333)
uil(1)= uil(1)
uil(2)= uil(2) + Cmu

uil(3)= uil(3)
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uil(4)= uil(4)

uil(5)= uil(5)
c Second Derivatives
ui2(1) = ((do**2*k**3*(1 + (Ainv(1) + Ainv(4))/
- Sqrt(epslol + Q))**
- 2)/

- 1 + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/

- (2.*t**0.3333333333333333))**3 +

- (t**0.3333333333333333*

- (epslol + Q - (Ainv(1) + Ainv(4))**2))/

- (epslol + Q)**1.5 -

- (4*do**2*k**2*t*(epslol + Q - (Ainv(1) + Ainv(4))**2))/
- ((epslol + Q)**1.5*

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))**2))/
- (2.**0.6666666666666666)

ui2(2) = (t**0.3333333333333333*(Ainv(1) + Ainv(4)) -
- (4*dO**2*k**2*t*(Ainv(1) + Ainv(4)))/

- (2*t**0.3333333333333333 +

- k*(Sqrt(epslol + Q) + Ainv(1) - Ainv(4)))**2 -
- (8*d0**2*k**3*Sqrt(epslol + Q)*t*

- (Sart(epslol + Q) + Ainv(1) + Ainv(4)))/

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1l) - Ainv(4)))**3)/
- ((epslol + Q)**1.5*t**0.6666666666666666)

ui2(4) = zero

ui2(7) = ((do**2*k**3*(-1 + (Ainv(1) + Ainv(4))/

- Sgrt(epslol + Q))*

- (12 + (Ainv(l) + Ainv(4))/Sqrt(epslol + Q)))/

- 1 + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/

- (2.%t**0.3333333333333333))**3 +

- (t**0.3333333333333333*

- (epslol + Q - (Ainv(1l) + Ainv(4))**2))/

- (epslol + Q)**1.5 -

- (4*do**2*k**2*t*(epslol + Q - (Ainv(1) + Ainv(4))**2))/
- ((epslol + Q)**1.5*

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))**2))/
- (2.**0.6666666666666666)

ui2(11) = (t**0.3333333333333333*(Ainv(1) + Ainv(4)) -
- (4*dO**2*k**2*t*(Ainv(1) + Ainv(4)))/

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))**2 -
- (8*d0**2*k**3*Sqrt(epslol + Q)*t*

- (Sart(epslol + Q) + Ainv(1) + Ainv(4)))/

- (2*t**0.3333333333333333 +

- k*(Sqrt(epslol + Q) + Ainv(1) - Ainv(4)))**3)/
- ((epslol + Q)**1.5***0.6666666666666666)

ui2(3) = (2*(-1 + (4*dO**2*k**2*t**0.6666666666666666*
- (2*t**0.3333333333333333 +

- k*(3*Sqrt(epslol + Q) + Ainv(1l) - Ainv(4))))/

- (2*t**0.3333333333333333 +

- k*(Sqrt(epslol + Q) + Ainv(1) - Ainv(4)))**3))/

- ((epslol + Q)**1.5*t**0.3333333333333333)

ui2(5) = zero

ui2(8) = (t**0.3333333333333333*(Ainv(1) + Ainv(4)) -
- (4*do**2*k**2*t*(Ainv(1) + Ainv(4)))/

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))**2 -

- (d0**2*k**3*(epslol + Q)*

- (-1 + (Ainv(1) + Ainv(4))/Sart(epslol + Q)))/

- (1 + (k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))/

- (2.*t**0.3333333333333333))**3)/

- ((epslol + Q)**1.5*t**0.6666666666666666)
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ui2(12) = (2*(-1 + (4*do**2*k**2*t**0.6666666666666666*
- (2*t**0.3333333333333333 +

- k*(3*Sqrt(epslol + Q) + Ainv(1l) - Ainv(4))))/
- (2*t**0.3333333333333333 +

- k*(Sqrt(epslol + Q) + Ainv(1) - Ainv(4)))**3))/
- ((epslol + Q)**1.5***0.3333333333333333)

ui2(6) = zero
ui2(9) = zero
ui2(13) = zero

ui2(10) = ((dO**2*k**3*(-1 + (Ainv(1) + Ainv(4))/
- Sgrt(epslol + Q))**
2)/

- 1 + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/

- (2.*t**0.3333333333333333))**3 +

- (t**0.3333333333333333*

- (epslol + Q - (Ainv(1l) + Ainv(4))**2))/

- (epslol + Q)**1.5 -

- (4*do**2*k**2*t*(epslol + Q - (Ainv(1) + Ainv(4))**2))/
- ((epslol + Q)**1.5*

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))**2))/
- (2.**0.6666666666666666)

ui2(14) = (t**0.3333333333333333*(Ainv(1) + Ainv(4)) -
- (4*dO**2*k**2*t*(Ainv(1) + Ainv(4)))/

- (2*t**0.3333333333333333 +

- k*(Sart(epslol + Q) + Ainv(1) - Ainv(4)))**2 -

- (do**2*k**3*(epslol + Q)*

- (-1 + (Ainv(1) + Ainv(4))/Sqrt(epslol + Q)))/

- (@ + (k*(Sqrt(epslol + Q) + Ainv(1l) - Ainv(4)))/

- (2.*t**0.3333333333333333))**3)/

- ((epslol + Q)**1.5*t**0.6666666666666666)

ui2(15) = (2*(-1 + (4*d0**2*k**2*t**0.6666666666666666*
- (2*t**0.3333333333333333 +

- k*(3*Sqrt(epslol + Q) + Ainv(1) - Ainv(4))))/
- (2*t**0.3333333333333333 +

- k*(Sqrt(epslol + Q) + Ainv(1) - Ainv(4)))**3))/
- ((epslol + Q)**1.5*t**0.3333333333333333)

ui2(1) = ui2(1)

ui2(2) = ui2(2)

ui2(4) = ui2(4)

ui2(7) = ui2(7)

ui2(11) = ui2(11)

ui2(3) = ui2(3)

ui2(5) = ui2(5)

ui2(8) = ui2(8)

ui2(12) = ui2(12)

ui2(6) = ui2(6)

ui2(9) = ui2(9)

ui2(13) = ui2(13)

ui2(10) = ui2(10)

ui2(14) = ui2(14)
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c
ui2(15) = ui2(15)

c

c If the material was not in the AS or UB regions then it must be i n the BB region.

else
STATEV(1)=3.00000
c This is the BB region energy.
ua(2)= 2*d0 - 1/k + Ainv(4)*t**0.6666666666666666
ua(2)= ua(2) + Cmu*Ainv(2)

c First Derivatives
uil(l) = zero
c
uil(2) = zero
c
uil(3) = zero
c
uil(4) = t**0.6666666666666666
c
uil(5) = zero
c
uil(1)= uil(1)
c
uil(2)= uil(2) + Cmu
c
uil(3)= uil(3)
c
uil(4)= uil(4)
c

uil(5)= uil(5)
c Second Derivatives
ui2(1) = zero

c

ui2(2) = zero
c

ui2(4) = zero
c

ui2(7) = zero
c

ui2(11) = zero
c

ui2(3) = zero
c

ui2(5) = zero
c

ui2(8) = zero
c

ui2(12) = zero
c

ui2(6) = zero
c

ui2(9) = zero
c

ui2(13) = zero
c

ui2(10) = zero
c

ui2(14) = zero
c

ui2(15) = zero
c

ui2(1) = ui2(1)
c

ui2(2) = ui2(2)
c

ui2(4) = ui2(4)
c

ui2(7) = ui2(7)
c

ui2(11) = ui2(11)
c

ui2(3) = ui2(3)



APPENDIX C. SMECTIC- A FINITE ELEMENT MATERIAL ROUTINE 115

ui2(5) = ui2(5)
ui2(8) = ui2(8)
ui2(12) = ui2(12)
ui2(6) = ui2(6)
ui2(9) = ui2(9)
ui2(13) = ui2(13)
ui2(10) = ui2(10)
ui2(14) = ui2(14)

ui2(15) = ui2(15)

End if
c It is helpful to output a few solution dependent variables, e.g. ktb,d.
c Ainv(3) is a useful way to check that incompressibility is e nforced.

STATEV(2)=Ainv(3)

STATEV(3)=k

STATEV(4)=t

STATEV(5)=b

STATEV(6)=d
STATEV(7)=Sart(epslol + (Ainv(1l) +
- Ainv(4))**2 - 4*(Ainv(2) + Ainv(5)))
return

end



Appendix D

Smectic- C Elastomer Polydomain Model

The uniaxial stretching and shear experiments of Sanchez-Ferr and Finkelmann were performed
on smecticC, main-chain LCE with a domain microstructure. The pseudo-monodanain samples
studied have a uniform director ny, = z and a conical distribution of layer normals arranged at an
angle o to ny, see gure D.1.

No Ko

z

0
y X

Figure D.1: Initial conical distribution of layer normals around the dir ector.

The microstructure complicates the calculation of the sti ness of polydomain samples; as it would
require modelling of the internal boundary structure.

It is possible to obtain a maximum and minimum bound on the stiness of a polydomain by
considering the Taylor and Sachs bounds respectively [103, 104]. €se bounds work by ignoring
the compatibility of the domain microstructure. The true behaviour of the sample should lie
somewhere between the Taylor and Sachs regimes.

Taylor and Sachs Bounds

The Taylor bound is an upper bound to the sti ness of a polydomain sanple; the monodomains are
removed from the polydomain structure and strained in parallel betveen two plates, see gure D.2.
The sti est domains dictate the stiness in a parallel arrangement, and this gives an upper limit
for the energy required to deform a polydomain sample.

The Sachs bound is a lower bound to the sti ness of a polydomain samnip; the monodomains are
removed from the polydomain structure and strained in series, segure D.3. It is only the softest
domains that dictate the overall deformation, giving a low energy baind.

A computational simulation could set bounds on the mechanical progrties of a smecticC LCE
polydomain sample under uniaxial deformation. The x-ray scatterirg patterns could then be cal-
culated to allow experimental comparison.
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4
U U

zZ

ZZ

Figure D.2: A representation of the Taylor bound approximation; all domains experience the same
strain. Two domains are shown with their smectic layering included.

Figure D.3: A representation of the Sachs bound approximation; alldlomains experience the same
external stress.
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